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Abstract

The skeleton and its associated medial axis give a very compact representation of objects, even in the
case of complex shapes and topologies. They are powerful shape descriptors, bridging the gap between
low-level and high-level object representations. Surprisingly, skeletons have been used in a relatively
small number of applications, and almost every time for very precise and concrete tasks.

This work focuses on the problem of object registration using the objects’ medial axis. We first build
adequate attributed relational graphs to organize in a structured way informations about object shape
and topology contained in the medial axis. Using a graph matching algorithm then allows to solve the
correspondence problem between the graphs. From these correspondences between similar parts of the
objects, we infer a set of matched points and finally estimate the transformation between the two objects
through a robust matching algorithm. Synthetic results are presented.

Keywords: euclidean skeleton; medial axis transform; topological characterisation; shape analysis;
object representation; ARG; graph matching; object registration.

1. Introduction

Definitions for skeleton and medial axis of digitized objects have been proposed in the early sixties.
The skeleton and its associated medial axis give a very compact representation of objects, even in the
case of complex shapes and topologies. Thus they can be used as shape descriptors and are very well-
suited for a large number of computer vision applications dealing with object representation. After their
introduction, an impressive amount of work has been conducted to improve their computation, that is to
say to solve all the classical problems arising when looking for correct algorithms in a digitized world.
Therefore, and very logically, developpement of applications has been put in abeyance. Nevertheless,
and more surprisingly, it appears that after more than three decades, the skeleton and the medial axis
have been used in a relatively small number of applications, and almost every time for very precise and
concrete tasks.

This work lies within a general line which consists in using in a somehow systematic way the potential
strength of the skeleton and the medial axis. Actually, all the authors agree in claiming that the skele-



ton and the medial axis are powerful tools, bridging the gap between low-level and high-level object
representations, because they resume, synthetize and help the understanding of the shape of objects.

Here we focus on the registration of two objects using medial axis and derive a robust structure-based
object matching algorithm. In section 2, we first recall some definitions and then show how to extract
object properties from its medial axis and then organize this knowledge into an Attributed Relational
Graph (ARG) to provide a structural description of the object. In section 3, we see how to compare
objects from their skeleton-based ARGs using an inexact consistent labeling graph matching algorithm.
In section 4, we use the resulting match between two ARGs to infer a set of correspondences between
the underlying objects, and use these correspondences to retrieve the transformation between the two
objects, using robust matching. Synthetic results are presented in section 5.

2. From the medial axis to a structured representation of the object

Let us first remind some basics. Intuitively, the skeleton of an object is the set of points which are
equidistant from at least two points of the object boundary (we only consider the skeleton part which
is inside the object). The skeleton of a 2D object is made of pieces of curves, called skeleton parts,
linked together by junctions, and ended by frontier points. The medial axis is defined as a set containing
the skeleton points and the distance vectors joining each skeletal point to its closest boundary point.
Therefore, retrieving the object shape from its medial axis is straightforward. The medial axis is a more
complete representation of the object than the skeleton. Indeed, objects with different shapes can yield
the same skeleton, and only the medial axis will differ and allow to distinguish between these objects.

Some notations: let
�

be a digital object. Its medial axis is denoted: ������� �	��
������� , where
����� �	� is the skeleton of

�
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is the distance map of
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�
) defined by: � � ��� � ��� ���
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, being
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a distance function, classicaly the euclidean distance.

�
denotes the complement of

�
, and finally

�+���
is the restriction of

�
to ����� �	� . As the skeleton of

an object
�

is a thin set, it allows us to get a topological classification of ����� �	� , denoted ���-,.� �	� :
each point of the skeleton will be labeled as a Frontier point (type F), a Junction point (type J) or
Skeleton part point (type C). In the following, we will use the n-D euclidean skeletonization twofold
process presented in [7].

The medial axis of an object is a very compact and informative representation of the object, but the
knowlege about the object shape and topology is not organized in a structured way. Thus, before to use
this powerful shape descriptor for object representation, comparison, recognition or registration tasks, a
further step is needed: organize this knowledge into some kind of structure.

Attributed Relational Graphs (ARGs) are relational structures which allow to describe objects using
parametric and relational informations. An ARG consists of two sets: a set of nodes with various types
of attributes eventually assigned to them and a set of links which represent various types of relations
between the nodes and may take real values, their assigned weights (see [1] and [6] for a use of ARGs
in image understanding and invariant matching).

Obviously, an ARG is a well-suited structure to represent the knowledge extracted from an object
medial axis. Indeed, the topologically classified euclidean skeleton is already split up into labeled
parts, which will define different classes of primitives (namely skeleton parts, junction components and
frontier components). These primitives will form the set of nodes of the ARG. To each class of primi-
tives, we will attach attributes. To set up the set of links, we will define in a straightforward way different
kinds of relations (topological or geometrical) between these primitives.

2.1. ARG nodes (skeleton parts) and associated attributes

Skeleton parts are detected and labeled by a connected components extraction of Type C and Type S
pixels (voxels), that is to say removing junction elements from the skeleton.



From the skeleton parts labeling, we also infer a meaningful partition of the object into regions, each
of these regions being associated to one of the skeleton parts (described in [2]). To each skeleton part)������� (��

and associated object region � � ( we can attach the following attributes:
1.
)������� (��

size compared to the skeleton size;
2. � � ( size compared to the object size.
3. variation of the curvature sign along

) ������ (��
;

4. variation of the distance map along
) ������ (��

.

2.2. ARG links

Links or relations between the graph nodes are represented by adjacency matrices. For ARGs, there
will be one adjacency matrix for each relation type.

Topological relations will express properties of the skeleton structure and will be expressed as logical
flags, whereas geometrical relations will be related to distance informations available through the me-
dial axis, and to informations about the shape of the skeleton parts, and they will be expressed as real
variables, or weights.

Topological relations
1. Logical flag “to be in contact with” or “to be neighbours”;
2. Logical flag “meet at the same jonction”;
3. Logical flag “ surrounding the same hole”;

Geometrical relations
1. Real weight which measures the size difference between two skeleton parts;
3. Real weight which measures the difference in orientation between two skeleton parts.

2.3. Example: construction of an ARG from a simple skeleton

Let us illustrate the previous description with an example.
Figure 1 (left) shows a simple skeleton with its labeled primitives: 6 skeleton parts, 3 junction com-

ponents, 3 frontier components and 1 hole.
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Figure 1. Left: labeled skeleton (B skeleton part, J junction component, F frontier component, H
hole). Right: partial ARG obtained with the logical flags “meet at the same jonction” and “surround-
ing the same hole” applied to skeleton parts of the labeled skeleton.

Considering the previous topological relations “meet at the same jonction” and surrounding the same
hole, one gets a partial graph (Figure 1 - right) as well as two adjacency matrices.

For example, the adjacency matrix associated with the relation “meet at the same juncion” is:
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A key aspect of the ARG construction as seen through this simple example is that it is done in a

straightforward and automatic way. More precisely, it is of course first necessary to choose the kinds
of nodes, attributes and links which are going to compose the ARG, but the construction itself is made
automatically using the topologically characterized skeleton, the medial axis and the object partition.

For example, building the previous adjacency matrix is done in the following way: for each junction
in the skeleton, look in the neighborhood of the junction for the labels of the arriving skeleton parts.

3. Comparing objects from their associated ARGs

Consider the following problem: we have a series of objects and we would like to compare them in a
relevant way with respect to their shape and topology. For each object, we first compute its skeleton and
medial axis, characterize it topologically, get its labeled partition and build an ARG.
We would like to use the series of ARGs to compare the objects and to get a ranking which would be
relevant with respect to shape and topology.

Let us point out that the correspondence problem does not consist in looking for an exact graph iso-
morphism. Indeed, as we will compare objects which may differ, the correspondence problem will con-
sist in resolving what is often referred as an inexact (error-correcting) consistent-labeling graph matching
problem [9, 1, 8].

To compare two objects of the series using their skeleton-based ARGs, we need to solve a graph
matching problem. We use an error-correcting consistent-labeling graph matching algorithm which
can handle ARGs and uses a nonlinear optimization method called graduated assignment (all details
in [4, 6]).

Given two ARGs � and � , with � and � nodes respectively, � link types and � attribute types, it
finds the association matrix � such that the following objective function is minimized:
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either � / ' - or � /� . is NULL); � 1 � 7 �' � � is the similarity matrix for an attribute of type K and is defined
by: 1 7' � �LGNM�7 �8� 7' 
 � 7� � ; �O� ' - �P/ and �Q� � . �P/ are the adjacency matrices for the F -link;
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are vectors
corresponding to the K -attribute of the nodes of � and � ;
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 R � is a measure of similarity between a
node in � and a node in � , with respect to the same attribute K .



� is an ��������� association matrix which at the end of the minimization process gives the correspon-
dences between one set of primitives and the other: � ' � � # if node a in � corresponds to node i in� , D otherwise. Note that the algorithm does not always converge to an exact permutation matrix, thus a
clean-up heuristic has to be defined. For the experiments presented in this paper, we use a very simple
heuristic: we set in each column of the association matrix � the maximum element to 1 and others to
0. In our particular case, � gives the correspondences between the skeleton parts of the two objects
under study. The constraints used in the objective function guarantee that two graph nodes, or object
skeleton parts, will be matched only if they are similar and if they share the same type of relations with
their neighbouring primitives in their respective graphs.

Figure 2 shows an example of graph matching (see [3] for details).

Figure 2. Left: original object (map of Italy) with superimposed skeleton and labeled object partition.

Middle: deformed object obtained by occlusion with a polygonal shape and scaling, rotation and

translation, with superimposed skeleton and labeled object partition. Right: original object labeled

by propagating labels of the deformed object through the skeleton-based ARG matching.

4. Object registration

Object registration can always be decomposed consists in the resolution of two successive and distinct
problems. First, one has to solve the correspondence problem, in order to get a set of matched points
between the objects to register, and then solve the pose estimation problem, that is to say estimate from
these matched points the transformation which deforms one object into the other.

We have already almost solved the correspondence problem. Indeed, the skeleton-based graph match-
ing algorithm yields correspondences between skeleton parts of the two objects. To get a set of matched
points, we simply look at specific points of the skeleton, precisely junction points, frontier points and
projections of the junctions on the frontiers of the objects.

Now, we have to solve the pose estimation problem. In this work, we will consider transformations
composed of scaling K , rotation � and translation 	 (to simplify the notations, the seven transformation
parameters are gathered together into the vector 
 ��� 
 * 
 R R R 
����� ). So the problem is to estimate 
 fromM

matched pairs of points.
Let � � , ���� be two matched points:

� �� � � �8K ��� � �%� 3 	

The Euclidean distance between � � and ���� is called the residual and is written:F � ��� � �� � � � �8K ��� � �%� 3 	�� �



We have to find the vector 
 which minimizes the global error
?��� F � .

Typically, we first use the standard least squares (LS) estimator, given by:

� �! �
�&
� (+* F ��

Unfortunately, it is well-known that the LS estimator is not robust, as can be simply seen by the fact
that a single but very large residual will have a very large influence on the final estimate. It is especially
problematic in our case, as we want to derive a matching algorithm which would deal with occlusions
and large transformations, and we have to carefully take into account outliers in the correspondence.

To tackle this issue, statiticians have suggested different robust estimators; among them, the M-
estimators.

4.1. Robust registration with M-estimators

M-estimation techniques, developed by Huber [5] minimize the sum of a function of the residuals:

� �! �
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where
�

is a continuous, symetric function with minimum value at zero. Differentiating the previous
minimization problem with respect to 
 and setting it to zero yields:
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where the derivative
� �� � � � � �� ��� � � is called the influence function. Defining a weight function:� �� ����� ��� �� , the problem becomes: �&

� (+* � � F � � F � � F �� 
 .
This is exactly the system of equations that we obtain if we solve the following iterated reweighted
least-squares problem:

� A M �&
� (+* � � F���� *� � F �� 


where the superscript
�
�
�

indicates the iteration number. The weight � � F ��� *� �
should be recomputed

after each iteration in order to be used in the next iteration.
The influence function

� �� � measures the influence of a data point on the value of the parameter
estimate. For example, for the least-squares (LS) with

� �� ��� � � � % , the influence function is
� �� � �

� , that is, the influence of a data point on the estimate increases linearly with the size of its error, which
confirms the non-robustness of the least-squares estimate. When an estimator is robust, it can be seen
that the influence of any single observation (data point) is not sufficient to yield any significant offset.

Table 1 lists some of the most commonly used influence functions which are also graphically depicted.
Note the influence of the residual of a data point for each of the estimators (for Tukey, the influence is
even null when the residual is larger than a predefined threshold

G
).
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Table 1. Some of the most commomly used estimation functions with their objective, influence and

weighting forms.



5. Experimental results

To evaluate the capabilities of the structure-based object matching algorithm, we conduct 4 experi-
ments: from an original object, we get 4 deformed copies; we then look for the correspondences, through
the ARG matching. Finally, we estimate the transformation.

The preprocessing consists in the following steps: 1) compute skeleton and medial axis of each object
of the series; 2) topologically characterize the skeleton; 3) infer labeled partition of all skeleton parts
and object parts of each object; 4) build the ARG of each object.

The four deformed copies are obtained as: 1) scaling + rotation + translation; 2) cut one half of Italy
map + rotation + translation; 3) cut one half of Italy map + scaling + rotation + translation; 4) occlusion
of one half of Italy map with a polygonal shape + scaling + rotation + translation. The original object
and its four deformed versions can be seen on the first row of Figure 3.

Then we perform the skeleton-based ARG matching from the original object to 1, to 2 to 3 and
4, resulting in a set 4 association matrices which give the correspondences between skeleton parts in
each object of the series. From the resulting correspondences between junctions, frontiers and junction
projections, we can estimate the transformation. First we apply a non-robust (least-squares) method,
which is shown on the second row of Figure 3, and then apply a robust method (Tukey), shown on the
third row.

To make the evaluation of the results straigthforward, we apply the transformation to the original
object and make the difference (XOR) between this estimated deformed object and the real deformed
object. In other words, a good estimate of the transformation corresponds to a perfect fit of the deformed
Italy map into the deformed images.

One can see that on the third row, the results of the match are quite good, even in the last two cases.
On the other side, results on the second row clearly show that robust matching is necessary, especially
for the cases with occlusions.

Figure 3. First line: Original object + 4 deformed objects. Second line: difference between the original

object deformed with the estimated transformation and the deformed objects (least-squares). Third

line: idem, with robust matching (see text for details).



6. Conclusion

We have presented a robust structure-based object matching approach which allows to register two ob-
jects using shape and topology informations contained in the medial axis. The correspondence problem
is solved with a skeleton-based graph matching algorithm, and the pose estimation problem is solved
with a robust matching algorithm.

The preliminary results are fairly promising as they indicate that on one hand using a skeleton-based
graph matching allows to get consistent correspondences between two objects, and on the other hand
using a M-estimator for computing the transformation allows to deal with important transformations,
large values of scaling, rotations, translations, with occlusions up to 50 %.
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