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Abstract— The automatic classification of volcano-seismic
events is a key problem in volcanology. Due to its complexity,
deep learning (DL) techniques have become the tool of choice
for this problem, outperforming classical classifiers. The main
drawback of this approach, when applied to the classification
of volcano-seismic events, is its tendency to overfit because of
the small-size available databases. In this work, we propose and
analyze the use of the Gaussian processes (GPs) and Deep GPs
(DGPs), and their hierarchical extension, for volcano-seismic
event classification. We empirically prove the adequacy of the
proposed modeling with an insightful and exhaustive comparison
with state-of-the-art DL-based methods on a seismic database
recorded at “Volcán de Fuego,” Colima, Mexico. The hierarchical
structure of DGPs and the reduced number of parameters to
be automatically estimated become essential to achieve excellent
performance even on small databases, capturing well the complex
patterns of seismic signals for all classes and, in particular, for
those that have been hardly observed.

Index Terms— Deep Gaussian processes (DGPs), deep learning
(DL), Gaussian processes (GPs), geophysical signal processing,
geoscience and remote sensing, remote monitoring, remote sens-
ing, signal processing, volcanic activity, volcanoes.

I. INTRODUCTION

GEOPHYSICAL processes, such as displacements of
magma and other fluids or gases, or fractures of solid

materials in volcanic areas, are derived from the exchange
of elastic energy between volcanic structures and their sur-
roundings. Seismic signals registered by stations deployed near
volcanoes capture elastic waves that reflect such exchanges.
Their study provides very valuable information. When prop-
erly interpreted, seismic signals offer a useful insight into
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the internal dynamics of the volcano. Source mechanisms
originating them can be inferred from their analysis, together
with information about the Earth’s crust materials traversed
during the trip of the elastic wave toward the station registering
it [1], [2].

Detection and classification of seismic events consist of
processing seismic registers to spot events and associate them
with their original geophysical source mechanism based on the
characteristics of the signal. The source mechanism inference
is a complex task given the number of additional factors that
influence the signal arriving at the seismic station. The degree
of elasticity/anisotropy of materials in the source location,
distance to the station, characteristics of the propagation
path, or frequency response of the registering instrument are
examples of them. Once detected, the spotted patterns in the
sequence of events are analyzed to understand the physical
model explaining the dynamics of the volcano. They are also
used in applications, such as early warning monitoring systems
based on the detection of events precursors of eruptions.

In the last decades, the amount of seismic data available
has increased enormously together with the computing and
storage capacity. These facts have encouraged the geophysical
community to explore the use of machine learning (ML) algo-
rithms for automatic classification of seismic events [3]–[5].
ML techniques avoid the tedious and repetitive work of manual
labeling, often done by geophysical experts, and increase the
capacity to process enormous volumes of data. They capture
complex data correlations not detectable by human experts.
There is a wide range of possible ML algorithms usable for
automatic classification of seismic events. The election of the
approach depends on factors, such as the dimensionality of the
data and corresponding classes, the size of the labeled train-
ing database, the continuous/isolated classification objective
needed, or the interpretability of the model searched for.

Within the field of seismicity, the classification of volcano-
seismic events presents specific challenges derived from
their origins. Simultaneous seismic events related to liquid
and/or gas-solid processes take place in the volcanic scenario.
Tremors, long-period events (LPEs), or surface effects, such
as rockfalls, landslides, or pyroclastic density flows, might
happen simultaneously generating complex seismic registers
with overlapped events. In addition, volcanic regions present
changing propagation and site properties. Sismo-volcanic
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sources are often shallower compared with tectonic ones.
As a consequence, near-source and surface-propagation effects
complicate the analysis of the seismic signal. The labeling
task must, therefore, be carried out by expert geophysicists
with a deep knowledge of the particular volcano generating
the data. This is a difficult, tedious, and time-consuming task
that requires deep expert knowledge and strict maintenance
of the labeling criteria. For all these reasons, large enough
databases with high-quality labels are scarce but extremely
necessary to improve the knowledge of the volcanic structures
and predict their behavior.

Supervised ML techniques for automatic classification of
isolated volcano-seismic events started around 2005 with the
usage of artificial neural networks (ANNs) in the pioneer [6].
Since then, interesting applications, such as in [7], models
based on support vector machines (SVMs) [8], combina-
tion of several shallow classifiers, such as ANN and SVM
[9] or ANN, and genetic algorithms [10], have been developed.
In parallel, the hidden Markov models [11]–[14] have been
introduced to model temporal structures, providing approaches
to successfully detect and classify events in continuous seismic
registers.

The deep learning (DL) approaches, with a higher degree
of abstraction and knowledge extraction for complicated data
sets, became popular after the proposals of Hinton et al.
[15] in 2006 and Bengio et al. [16] in 2012 (accompanied
by important advances in computational power). These two
works proposed, respectively, to use the restricted Boltzmann
machines (RBMs) and denoising autoencoders (DAs) to ini-
tialize hidden layers via unsupervised layer-by-layer training,
proving that Deep Networks could be trained well, with more
optimal initializations and useful learned representations of the
data.

DL was first applied to image processing and speech and
has spread its usage to many disciplines, with attractive
applications in the field of seismology. Examples of them
are the automatic P-phase picking approach in [17], the skip
connection CNN proposed in [18] to detect geyser related
events in continuous registers, or the usage of deep convo-
lutional autoencoders for seismic signal clustering in [19].
Classification of volcano-seismic signals using deep neural
networks (DNNs) was first presented by Titos et al. [20]
with the implementation of a deep belief network (DBN)
and a stacked denoising autoencoder (sDNA). Their classi-
fication performance was compared with the state-of-the-art
isolated events classifiers on the seismic events database of
the Volcán de Fuego de Colima, México. The work in [21]
implemented and compared three recurrent neural network
(RNN) architectures (Vanilla, LSTM, and GRU) to detect and
classify volcano-seismic events from the Volcán de Decepción,
Antarctica, in continuous registers. Unfortunately, the use of
DL techniques is based on the availability of large amounts
of data. To overcome the lack of large databases of labeled
volcano-seismic events necessary for effective classification
with DL architectures, transfer learning approaches based on
DL have been explored in [22] and [23].

In the ML scenario described so far, GP models were
introduced in 2006 [24]. They are nonparametric probabilistic

models that deal with uncertainty in prediction and modeling.
Interesting connections between DNNs and GPs were studied
in [25], where the correspondence between GPs and priors for
infinitely wide DNNs was established. Their expressiveness
and robustness to overfit have been largely praised. The prior
information in the kernel function of the GPs acts like a
regularizer, making them suitable for not very large databases,
which is the case in volcanology. This is in contrast to neural
networks that have to learn a huge amount of parameters to
estimate a complex model, and so, they tend to overfit on small
databases. Furthermore, as Lawrence [26] indicates in his
post, the next generation of data-efficient learning approaches
relies on us developing new algorithms that can propagate
stochasticity or uncertainty right through the model (see [27]
and the seminar thesis [28]).

Although GPs are very flexible, they suffer from a severe
limitation. They are commonly used with stationary kernels,
which makes them unsuitable for complex patterns, e.g.,
functions that combine flat regions with high-variability ones.
Recent advances have shown that any number of GP models
can be stacked to implement deep hierarchies. These hier-
archical models maintain the main advantages of GPs while
learning more abstract and complex models. Deep Gaussian
processes (DGPs) were first introduced in [29] in 2013, and
their probabilistic DL modeling was very promising but the
inference procedure complicated. In 2017, Salimbeni and
Deisenroth [30] introduced the doubly stochastic variational
inference model for DGPs that, since then, became the current
state of the art for DGP inference.

GPs, but not DGPs, have been used for different tasks
in seismic problems although none of them have been ever
used before for automatic seismic-event classification. Espe-
cially, GPs have been used for regression in seismic problems
with promising results in this field. Moore and Russell [31]
proposed a generative model for seismic monitoring. This
model can recover weak events from the raw signal. They
used GPs over wavelet parameters to predict detailed wave-
form fluctuations based on historical events while degrading
smoothly to simple parametric envelopes in regions with no
historical seismicity. Moore and Russell [32] proposed a new
approximation for large-scale GPs, especially for GP latent
variable models (GPLVMs). They proposed to approximate
the marginal likelihood of the full GP via a random Markov
field in which local GPs are connected by pairwise potentials.
This approximation allows us to efficiently perform inference
for spatial data, and it was applied successfully to seismic
location. Noori et al. [33] used GP regression for anomaly
detection, more specifically, for fault detection in seismic data.
Since the used GPs expected smooth functions, their results
show that fault points can be detected when the smooth trend
of layers is disrupted by faulting.

This article represents, to the best of our knowledge, the first
contribution to the use of GPs and DGPs for automatic
seismic-event classification. An approach that is tested here
on the seismic data set recorded at the Volcán de Fuego de
Colima, Colima, Mexico. Due to the complex character of
this classification problem, the current state-of-the-art methods
are based on hierarchical deep models. We show here that
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GPs outperform all the shallow classifiers and that they are
competitive to DNNs. The experiments also show that the
two-layer DGP model outperforms DNNs, in particular in
classes hardly represented. Additional experiments indicate
that GPs and DGPs can learn good models even when the
database is small. When data are scarce, GPs are the best-
performing models. With more data, deeper models, such as
the four-layer DGPs, provide better results. The study on the
prediction confidence of each model shows that GP-based
methods obtained probabilities closer to 1 than DNNs.

The rest of this article is organized as follows. In Section II,
we provide a brief introduction to both GPs and DGPs. This
introduction is expanded in the Appendix where a complete
theoretical and intuitive description of GPs and DGPs for
multiclass classification problems is included. In Section III,
we carry out an insightful and exhaustive experimental analy-
sis whose goal is to compare GPs and DGPs to current state
of the art both shallow and deep classifiers on the database
recorded at Volcán de Fuego de Colima [20]. Conclusions are
drawn in Section IV.

II. DEEP GAUSSIAN PROCESS CLASSIFIER

In this section, we provide a brief introduction to the
use of GPs and DGPs for multiclass classification problems.
An extended and more detailed introduction can be found in
the Appendix.

A multiclass classification problem with K classes consists
of N labeled instances {(xn, yn)}N

n=1, where xn ∈ R
D is the

feature vector and yn ∈ {1, . . . , K } is the class label of the
nth instance. For each instance xn , its label yn is modeled
using K latent variables fn,: = { fk(xn)}K

k=1 through a specific
likelihood p(y|fn,:). In this work, we utilize the robust max
likelihood, which prevents overfitting in GPs.

In a GP-based formulation of a supervised problem,
we assume that the distribution of f = ( f1, . . . , fn)

T given
X is a multivariate normal, where we assume zero mean for
simplicity, and a kernel function k(·, ·) defines our covariance
matrix. In this article, we use the squared exponential (SE) ker-
nel defined as kSE(xi , x j ) = σ 2 exp((−||xi −x j ||2/2l2)), where
the parameters σ and l will be estimated from the observations
(see Figs. 8, 9, and 11 for a better understanding of GPs).
For scalability, we also defined M � N , inducing points um ,
which are the realization of the GP in the locations zm , that is,
um = f(zm). The inducing points summarize information from
the entire data set in a few points. Their locations are learned
in the optimization process too. The posterior distribution for
this model is not tractable so an approximate inference method
has to be used. In this work, we follow the scalable variational
inference for GPs (SVGP) [34]. From here on, and to make
explicit the inference procedure used, we will refer to the
single-layer GP as SVGP.

SVGPs are flexible nonparametric probabilistic models very
frequently used in classification and regression problems.
However, these models can only represent a restricted class
of functions. To overcome this limitation, hierarchical models
based on GPs were proposed [29]. DGPs use the outputs of
a standard SVGP as the input to another SVGP. If this is

repeated L times, we obtain a hierarchy of SVGPs, which is
known as a DGP with L + 1 layers. Due to its hierarchical
structure, it achieves a greater level of abstraction and can
capture more complex patterns (see Figs. 13 and 14 for a
better understanding of how DGPs tackle the complexity in a
toy example). Volcano seismic signals are very complex with
classes that are difficult to distinguish. We will see that the
DGPs are very suitable for our classification task.

III. PRACTICAL APPLICATION: AUTOMATIC EVENTS

CLASSIFICATION FOR THE ‘VOLCÁN DE FUEGO DE

COLIMA’, MÉXICO

A. Database Description

Section III analyses the performance of SVGP and DGP
methods for the classification of volcano-seismic events.
Classification experiments are carried out using a database
of 9.332 seismic events registered at the Volcán de Fuego de
Colima [35]. These registers and their labels are the result
of a careful and demanding process of expert analysis and
review to eliminate human artifacts and noise, to identify
source mechanisms, and to analyze how site and path effects
can influence waveforms. The labeled database contains seven
different events (classes) with diverse spectral and temporal
characteristics, associated with seven corresponding source
mechanisms (REG, VTE, LPE, TRE, EXP, COL, and NOISE).
They can be grouped as follows.

1) Events Originated by Fractures of Solid Materials in
the Earth’s Crust: Regional earthquakes (REG) and
volcano-tectónic earthquakes (VTE). As a result of the
fracture, elastic waves containing P- and S-wave compo-
nents associated, respectively, to longitudinal and shear
displacements are generated. If the fracture occurs in
the surrounding of the volcano, the event associated
is identified as “VTE” and contains high frequencies
reaching up to 40 Hz with durations from a few to
tens of seconds. On the other hand, fractures that might
occur in fault planes beyond the volcanic region can
be registered by the seismometers in the volcanic area,
being labeled as “REG.” REG events contain frequencies
lower than those of VTEs because the higher ones have
been absorbed through the propagation path from the
fracture source location to the registering station. The
database used in this work contains 1.738 VTEs and
455 REGs.

2) When no fracture occurs, volumetric modes of defor-
mation of the volcanic structure (often triggered by
displacements of water, gas, or magma), produce LPEs.
They show frequencies of a few Hz (between 1 and
6 Hz for the Volcan de Colima) and durations of a
few seconds. Having spectral characteristics and source
mechanisms similar to those of LPEs but much longer
duration, Volcanic Tremors (TRE) identify a series of
harmonic signals with sustained amplitude and variable
duration from minutes to hours. The database used in
this work contains 2.699 LPEs and 1.170 TREs.

3) There are also certain events associated with the external
activity of the volcano. Often, sudden emissions of gas
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and ash to the atmosphere occur and are recorded by
seismometers, receiving the name of Explosions (EXP).
They are characterized by a short-duration LPE, fol-
lowed by high-frequency signals with a narrow energy
peak that can reach up to 20 Hz. Surface lava move-
ments, or Lava Flows, (COL) with durations of minutes
and frequencies between 5 and 10 Hz are also associated
with the external dynamics of the volcano. The database
used in this work contains 2.699 LPEs, 278 EXPs, and
1.406 COLs.

4) Finally, seismic noise (NOISE) registered by stations
in the absence of volcanic source mechanisms presents
diverse amplitudes, frequencies, and durations depend-
ing on its nature (wind, sea, rain, cultural noise, and so
on). The database used contains 1.586 NOISE examples.

For comparison purposes, we follow the approach in [20].
The events used to feed the models are parameterized to
create input feature vectors with 21 features. Seismic registers
are first filtered in the band 1–25 Hz. Then, regardless of
their duration, they are divided into three segments of equal
length (beginning, central part, and ending of the event).
After that, following a common parameterization in the field,
for each segment, a feature vector of five linear predictive
coding (LPC) coefficients is calculated. The 15-feature vector
so built is completed with six statistical features proposed
in [36]. Features 16–18 parameterize the impulsiveness of
the signal in the time domain by calculating the 20th, 50th,
and 80th cumulative-sum percentiles of the signal’s amplitude.
Following the same approximation in the frequency domain,
features 19–21 calculate the 20th, 50th, and 80th cumulative-
sum percentiles of the signal’s power spectral density.

B. Experiments Description

The chosen methods for this study are the following: the
single-layer SVGP (SVGP) and the two-layer (DGP2), three-
layer (DGP3), and four-layer (DGP4) DGPs. We also include
an exhaustive and insightful comparison to state-of-the-art
shallow and deep classifiers. The selected shallow classifiers
are SVM with linear (SVM-Lin) and radial (SVM-Rad) ker-
nels, random forest (RF), and a single-layer MLP. The deep
classifiers are the following DNNs: DBN with two (DBN-
H2) and three (DBN-H3) hidden layers and sDNA with two
(sDA-H2) and three (sDA-H3) hidden layers. Configuration
details for these classifiers, which were tuned performing grid
searches for the optimal number of neurons per layer, are fully
described in detail in [20].

The data set is carefully split into four folds to perform
a fourfold cross-validation analysis. Taking into account the
unbalanced nature of the classes of volcano-seismic events,
folds are carefully checked to ensure well-balanced statisti-
cally representative experiments. For the sake of comparison
between GPs and other DL approaches, the same database and
folds used in [20] are used in the present experiments. Given
the need to tune the system architecture, on each round of the
cross-validation, two folds are used for training: one to search
the optimal configuration (grid search for the possible numbers

of neurons per layer) and another to evaluate the classification
results.

We use three different metrics to assess the performance:
the f1 score, accuracy, and log loss. We define the multiclass
accuracy and log loss as

accuracy = No. events classified correctly

Total no. events
(1)

log loss = −1

N

N�
n=1

log(p(yn) · ekn ) (2)

where N is the total number of events, the dot (·) denotes the
scalar product, and enk is the one-hot encoding vector of the
true class of the nth instance. Notice that the accuracy is the
percentage of global success, and the log loss measures not
only the success but the confidence of the classifier. We define
the f1 score per class using the true positives (TPs), false
negatives (FNs), and false positives (FPs) as

f1 score = 2 × TP

2 × TP + FN + FP
(3)

and then, we take the average of them to obtain the multiclass
macro-average f1 score. Notice that this metric penalizes the
misclassification of samples coming from underrepresented
classes while the log loss and accuracy do not.

To provide a deep insight into the particular needs in
the classification of volcano-seismic events, the rest of the
experimental section has been structured as follows. First,
in Section III-C, we study the behavior and selection of
hyperparameters using the validation set. In addition to the
selection of the model configuration, this experiment also
provides a better understanding of the presented models. Then,
in Sections III-D and III-E, we assess the generalization
capability of the models on the test set. Finally, additional
experiments of relevant interest in the area of knowledge
are reported. Given the lack of large-high-quality labeled
databases, the robustness of the classification against different
sizes of the data set is studied in Section III-F. In addition,
in order to handle the difficulties to classify some events that
could correspond to diverse source mechanisms (including
overlapped ones), confidence measures of the predictions for
the different classifiers are studied in Section III-G.

C. Selection of SVGP and DGP Hyperparameters

In contrast to other classifiers where an exhaustive grid
search is used for hyperparameter tuning, in GP-based meth-
ods, almost all the parameters are estimated automatically and
learned through an optimization process. Following common
practice [30], we utilize the same number of hidden units in
each layer. Since, in this problem, we have a reduced number
of features, we set it to 7 after an empirical search. We use
the SE kernel defined in (8). In this model the length scale
l associated with all the features is the same. This is very
useful to avoid overfitting in scenarios with small databases,
but features frequently have different discriminative power.
In the experiments, for an exhaustive comparison, we also use
the automatic relevance determination (ARD) model, whose
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Fig. 1. Results on the training set for GP-based models. Using (a)–(c) SE kernel and (d)–(f) SE-ARD one. Each column corresponds to a different metric
(from left to right): accuracy, f1 score, and log loss.

Fig. 2. Results on the validation set for GP-based models. Using (a)–(c) SE kernel and (d)–(f) SE-ARD one. Each column corresponds to a different metric
(from left to right): accuracy, f1 score, and log loss.

kernel is defined by

kSE-ARD(xi , x j) = σ 2 exp

�
−

D�
d=1

||xi(d) − x j(d)||2
2l2

d

�
(4)

where xi(d) is the dth coordinate of the feature vector xi , and
ld is its length-scale parameter.

To adjust the number of inducing points, we choose the fol-
lowing grid analysis: 10, 25, 50, 75, 100, 150, and 200 points.
We report the following metrics for every combination of

inducing points and kernel (SE or SE-ARD): accuracy, f1-
score and log loss, for both training and validation sets.

Results on the training set are shown in Fig. 1. As the
number of layers and inducing points increases, the models
perform better except for a slightly noisy behavior when
few inducing points are used. On the validation set (see
Fig. 2), more complex architectures do not lead to better
models. Once we have a sufficiently high number of induc-
ing points, we cannot capture more information to have
a better performance in the validation set. To summarize
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Fig. 3. Estimated length-scale values for the SVGP in test. The points repre-
sent the averaged values, and the bars represent the standard deviation. Lower
(downward) represents more importance of that feature for the classifier.

the essential information of the analysis, 100 points are
enough.

We also compare both the SE and SE-ARD kernels to
find out whether there are features more relevant than others.
We can see that the ARD results are, in general, slightly better.
For example, looking at Fig. 2, SVGP, DGP2, and DGP3 reach
a 0.92 f1 score value with ARD, while SE DGP2 hardly
reaches this value. Such improvement will be helpful when
detecting underrepresented classes since this global metric
gives weight to them.

To conclude this section, in general, the SE-ARD kernel
model performs better than SE. Furthermore, SE and SE-ARD
become stable once they reach 100 inducing points. Based on
these results, we chose the SE-ARD kernel and 100 inducing
points as hyperparameters of the SVGP and DGP models for
the subsequent evaluation of the test sets.

D. Performance of Shallow Classifiers

In this section, we assess the generalization capability of
shallow SVGP with 100 inducing points and SE-ARD kernel
against the shallow state-of-art classifiers: SVM with linear
(SVM-Lin) and SE (SVM-SE) kernels, RF with 120 estima-
tors, and a single-layer MLP.

In Table I, we report per class and global f1 scores and
accuracy. In addition, we calculated the 95% confidence inter-
val for the global metrics. The number of events per class
and the relative improvement (Rel. Impr %) of the SVGP
compared with MLP are also analyzed. The different classes of
events present diverse difficulties for classification, depending
on the number of instances per class and the variability and
specificity of their associated features. EXP and REG are
the most challenging types of events. There are two reasons
for their lower classification results. First, the number of
examples per class is very small compared with the rest of
the classes. Second, their spectral and temporal properties are
similar to those of other classes, making discrimination more
challenging. We can see that this fact is clearly reflected in
the f1 score per class in Table I.

SVM-Lin is the worst performing model although it is
competitive compared with SVM-SE and RF. Furthermore,
as it can be seen, SVGP outperforms every shallow method.
In particular, although MLP is better for two classes, SVGP
achieves the best accuracy, working especially well on the
challenging classes, i.e., EXP and REG. This behavior is a
consequence of using nonparametric models against those with
a large number of parameters.

The usage of SE-ARD provides a better model conver-
gence, avoiding certain noise introduced by less discrimina-
tive or redundant features. Besides, it points out which are
these more noisy features and which are the most effective
ones. We estimated the length scale for every dimension
of the input feature vector. Lower values indicate a higher
discriminative power of these features. Fig. 3 shows the length-
scale values for the 21 features per event used to feed the
classifiers described in Section III-A. For each segment of
event (beginning, central, and final part), LPC coefficients 1
and 2 (features 1, 2, 6, 7, 11, and 12 in the feature vector) have
the highest relevance. In particular, the shortest length-scale
values correspond to the time domain (features 16–18), while
LPC coefficients 3–5 in the central segment of signal (features
7–9) present the smallest discriminative relevance. Notice
that the most discriminative features have shorter deviation,
being relevant across different folds while less discriminative
features do not.

Experiments in this section show that, using an SVGP,
we are able to outperform widely used shallow methods, such
as SVM, RF, or MLP, mainly when the number of events
is scarce. Furthermore, information about the discriminative
potential of the input features can be extracted when using
SVGP and the SE-ARD kernel.

E. Performance of Deep Classifiers

The complexity of seismic events motivates the use of DL
although the reduced number of data may make them prone
to overfitting. As we will see, the use of deep nonparametric
models overcomes this problem. In this section, we compare
the best shallow method, i.e., the SVGP, together with its
hierarchical extensions, DGPs, i.e., DGP2, DGP3, and DGP4,
to the DBN and the sDA reported in [20]. Both DBN and sDA
with two and three hidden layers denoted by DBN-H2, DBN-
H3, sDA-H2m, and sDA-H3, respectively, are considered.
These models use the log loss as the cost function minimiz-
ing it with stochastic gradient descent. To avoid overfitting,
an early stopping criterion and dropout with p = 0.20 are
used.

In Table II, we report per class and global f1 scores
and accuracy. In addition, we calculated the 95% confidence
interval for the global metrics. For the sake of comparison,
the relative improvement of the best DGP technique over the
best DNN technique is also presented for each class of events.
The results confirm the advantages of using deep models for
this problem. The reported metrics are better than those in
Section III-D except the ones related to the SVGP. SVGP is
very competitive for DNNs. It has a lower accuracy (0.9408)
than the best DNN, sDA-H2 (0.9432), but the global f1 score
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TABLE I

AVERAGED PERFORMANCE IN TEST: F1 SCORE PER CLASS, MACRO-AVERAGE F1 SCORE, AND ACCURACY

TABLE II

AVERAGED PERFORMANCE IN TEST: F1 SCORE PER CLASS, MACRO-AVERAGE F1 SCORE, AND ACCURACY

is similar in both, i.e., SVGP (0.9201) and sDA-H3 (0.92).
Especially, SVGP outperforms the DNNs for the class EXP
showing the capacity of GP models to handle difficult and
imbalanced data sets. This fact is confirmed by looking at the
best DGP models: DGP2 and DGP4. Both models outperform
the rest in accuracy and f1 score obtaining the best global
accuracy value and also performing better in difficult and less
represented classes. In addition, DGP2 is statistically signif-
icant with respect to DNNs since their confidence intervals
do not overlap. Regarding the f1 score per class, the best
GP-based models, i.e., DGP2 and DGP4, perform remarkably
well for difficult classes. Especially, they work notably well
in EXP, COL, REG, and TRE, while DNNs only outperform
DGPs in the LPE and VTE classes that, together with NOISE,
are more easy to identify. It is also worth to point out that
DGP2 is the best classifier identifying EXPs (0.8391), with
a high relative improvement (7.57%). As it can be observed,
the relative improvement is inversely related to the number of
events in the class, and in these cases, the difference seems
significant. The improvement in the detection of EXP obtained
when DGPs are used is very important in monitoring volcanic
environments because, together with the LPE and VT, they are
often precursors of volcanic activity [2].

In Fig. 4, we depict accuracy, f1 score, and log loss
for the GP-based models. Average values of the four cross-
validation experiments are depicted with a dot, within an
interval line covering the results’ standard deviation for the
four experiments. This figure provides a better understanding
of the results shown in Table II. DGP2 and DGP4 are the
best-performing models, while SVGP and DGP3 perform
worse. In contrast to DGP2, DGP4 suffers from larger stan-
dard deviation values. This higher variance in the results
indicates the presence of overfitting in complex models.
In this sense, DGP2, with very good performance too,
appears to be the model with the greatest generalization
capability.

In conclusion, DGPs capture the complex patterns of seis-
mic signals better than DNNs, benefiting from the use of
full probabilistic nonparametric models. These results prove
the adequacy of the GP-based models for classification of
volcano-seismic events. Furthermore, GPs not only perform
well globally but also, especially, on these important classes.
Finally, DGP2 is the best-performing model with good global
accuracy, a reduced variance, and the best result on the most
challenging class, i.e., EXPs.

F. Robustness to the Size of the Training Set

In Section III-E, we showed the superiority of GP-based
models against DNN ones in test performance. In seismic data,
usually, we only have access to a small amount of labeled data,
so it is also interesting to analyze the behavior of the studied
methods when only a small data set is provided. In this section,
we vary the amount of training data available, using 25%, 50%,
and 75% of the whole data set. The experiment reveals more
about the adequacy of the proposed approach in scenarios
where data are scarce. Fig. 5 shows the accuracy, f1 score,
and log loss performance of GP-based models. We can clearly
see the need of data as the depth of the model increases.
When only 25% of the training set is used, DGP4 performs
poorly in contrast to the goodness of SVGP and DGP2. The
SVGP performance does not improve much with the increase
in data; in fact, it is the worst model with the entire data
set. In contrast, DGP4 improves enormously as the percentage
of data increases. This fact suggests that shallow models are
better in scenarios with small data sets, while deeper models,
such as DGP4, play an interesting role when more data are
available. We also find that DGP2 performs very well through
the different experiments achieving very good results both with
less and more data. Table III provides an accuracy comparison
between the DNN values reported in [20] and those obtained
by our GP-based models. Relative improvements of the best
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Fig. 4. Points represent average performance on the test set, and the bars indicate standard deviation. (a) F1 score and accuracy. (b) log loss.

Fig. 5. Accuracy, f1 score, and log loss metrics varying the percentage of training samples available: 25%, 50%, 75%, and 100% of the training set.
(a) Accuracy, (b) f1 score, (c) log loss.

TABLE III

ACCURACY METRIC VARYING THE PERCENTAGE OF TRAINING SAMPLES

AVAILABLE AMONG 25%, 50%, AND 75% OF THE TRAINING SET.
100% CORRESPONDS TO THE ENTIRE TRAINING SET

DGP model over the best DNN model are also described. The
superiority of GPs is clear. For 25% and 50% of the data,
DGP4 has not yet learned a good model, being inferior to the
best DNN. Howeverm for 25%, 50%, and 75%, all GP models
outperform the best DNN.

As DNNs tend to overfit due to the huge amount of trainable
parameters, they are more sensitive to smaller database sizes.
In contrast, GPs use prior knowledge that acts as a strong
regularization. They learn a good model even when a reduced
data set is provided. In summary, as the experiment confirms,
GPs perform very well, and better than DNNs, for all data
sizes.

G. Evaluating the Confidence in the Predictions

In volcano-seismic applications, it is of paramount impor-
tance to analyze the confidence of class predictions. Classifi-
cation results are often used in early warning tasks: detecting
sequences of certain events that are precursors of eruptions;
thus, trustable predictions together with a good quantification
of their uncertainty are of high interest to design early warning
systems. In this section, to analyze the quality of the predic-
tions, we introduce a decision threshold over the probabilities
output of the classification systems. By considering as clas-
sified only events assigned to a class with probability greater
than the threshold and varying this threshold, we can increase
the confidence of the system. Two studies are performed.

1) First, we study accuracy and f1 score when different
threshold values are used (0.4, 0.5, 0.6, 0.7, 0.8, 0.9,
0,95 y 0.99). The results are shown in Fig. 6. As we
increase the threshold, we are predicting fewer examples
correctly; therefore, accuracy and f1 score decrease.
We can see that most samples are predicted with at
least a 0.99 probability, and we misclassify only 7%
if we change the threshold from 0.4 to 0.99. Note that
0.99 is a very demanding threshold being most samples
predicted with very high probability (close to 1). The
faster decrease of the f1 score suggests that there is more
uncertainty in the less represented classes.
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Fig. 6. Accuracy and f1 score metrics varying the classification probability threshold. A sample is predicted if the output probability of the highest class
probability is higher than the selected threshold; otherwise, this sample is unclassified. (a) Accuracy and (b) f1 score macro-average.

In accuracy, for low thresholds, i.e., 0.4, 0.5, and 0.6,
DGP2 and DGP4 classify more events correctly than
SVGP and DGP3, but, with higher thresholds, this dif-
ference decreases (or is reduced). Regarding the f1 score,
we observe the same behavior. Thus, the number of
events classified with high probabilities is almost the
same in all cases, but DGP2 and DGP4 are able to give
more confidence to doubtful samples.

2) For a complete understanding of the classifier confi-
dence, Fig. 7 shows the distribution of the predicted
probabilities per class. The X-axis represents the prob-
ability of belonging to the class predicted. The Y -
Axis represents the cumulative density function of these
probabilities for each class of events. Comparing the
probability CDFs for different models, the figure pro-
vides information about how trustable the different clas-
sifications are.
First, we confirm that few samples are predicted with
very low probability; indeed, most of the predictions
are close to 1. This fact confirms that the models are
confident in the predictions. They define good decision
boundaries and identify every class well. All classifiers
have a similar performance except for EXP and TRE; as
we saw in Section III-E, both are the most difficult types
of events. For these events, DGP2 and DGP4 perform
better than SVGP and DGP3. This fact matches the log
loss reported in Fig. 4.
Titos [20, Fig. 4] reported the same cumulative den-
sity functions of classification probabilities values for
DNNs. We can see that GP-based methods outperform
DNN ones in this experiment. For example, in EXP,
the difference is quite clear; 50% is predicted with a
0.9 probability or more by the DNNs, and in contrast,
GPs predicted more than 60% with high probability,
i.e., 0.9 or more.

In conclusion, in this work, we observed that, for this data-
base, the probabilities given by the GPs are more trustworthy
than the ones provided by the DNNs, and the best-performing
GP-based model, i.e., DGP2, is also the most confident.

IV. CONCLUSION

In this work, we have introduced to the seismic community
the usage of SVGPs, their hierarchical extension, and DGPs
for automatic volcano-seismic event classification. We tested
them on the seismic database recorded at Volcán de Fuego de
Colima.

Due to the complexity of this problem, state-of-the-art
methods are based on hierarchical deep models, i.e., DNNs.
However, they require more data than usually available. The
obtained results indicate that SVGPs outperform all the shal-
low classifiers. Moreover, they are competitive with DNNs.
The two-layer DGP outperforms DNNs avoiding overfitting.
It attains both good accuracy and f1 score and performs better
than DNNs on difficult classes.

We have proven the adequacy of GPs with additional
experiments. The experiments indicate that they can still learn
good models even when the database is small. When data are
scarce, SVGP was the best-performing method. Besides, with
more data, deeper models, such as four-layer DGPs, are an
interesting option with promising results. In general, the two-
layer DGP performed very well through different percentages
of training data. Finally, we carried out an exhaustive study
on the prediction confidence. GP-based methods obtained
probabilities closer to 1 than DNNs.

These experiments suggest that GP-based methods are able
to classify very well seismic events, especially interesting
classes, such as EXP, REG, and LPE, even when data are
scarce. Besides, they take into account the model uncer-
tainty, being a trustworthy system for volcanologists. In short,
we have shown that GPs and DGPs can be applied with success
to seismic problems.

APPENDIX

DETAILED INTRODUCTION OF GAUSSIAN PROCESSES AND

DEEP GAUSSIAN PROCESSES

In this appendix, we provide a more detailed introduction
to the use of GPs and DGPs for multiclass classification
problems. We explain their probabilistic formulation, provide
some intuition and examples of them, and describe how
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Fig. 7. Cumulative distribution function of the probabilities given by the GP classifiers per class. In the Y -axis, we represent the proportion of samples of
that class with a certain predicted probability or less. In the X-axis, we represent these predicted probabilities. (a) NOISE. (b) EXP. (c) REG. (d) COL. (e)
VTE. (f) TRE. (g) LPE.

inference is carried out. An in-depth study of the inference
methods followed here can be found in [34] for GPs and in
[30] for DGPs.

A multiclass classification problem with K classes consists
of N labeled instances {(xn, yn)}N

n=1, where xn ∈ R
D is the

feature vector and yn ∈ {1, . . . , K } is the class label of the
nth instance. We define the N × D matrix X as the feature
matrix where, in the nth row, we have the feature vector of
the nth instance. In this work, the features (D = 21) are
extracted from the raw signal, and more information about
them is provided in Section III-A. We also define y the vector
that gathers the labels of the samples. Once the supervised
classifier is trained, it is able to provide the class label y∗ for
any unseen instance x∗.

A. Single-Layer GPs

For each instance xn, its label yn is modeled using K
latent variables fn,: = { fk(xn)}K

k=1 through a specific likelihood
p(y|fn,:). The likelihood squashes the values of the latent
variable defined in R to the [0, 1] interval. Notice that this
likelihood plays a similar role as the output neurons play in

DNNs. For example, the so extended softmax function can be
used here. In this work, we utilize the robust max likelihood,
which prevents overfitting in GPs. It is defined by

p(yn = k|fn,:) =

⎧⎪⎨
⎪⎩

1 − ε, k = arg max
1≤ j≤K

fn, j

ε

K − 1
, otherwise

(5)

with k ∈ {1, . . . , K } and 1− (1/K ) > ε > 0, which is usually
fixed to a small value; in this work, it was fixed to 10−3. For
simplicity, we denote the latent variables by fk(xn) = fn,k .

We factorize the likelihood assuming that the class labels
are independent for the different samples

p(y|F) =
N	

n=1

p(yn|fn,:) (6)

where p(yn|fn,:) is given by (5). The N × K matrix F gathers
the K latent variables for the N instances. The (n, k) term
corresponds to the kth latent variable for the nth instance.
The nth row of F is denoted by fn,: and the kth column by fk .

Having defined the observation model, we now turn our
attention to the definition of the prior model on F. Notice that,
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Fig. 8. 1-D example of a GP. We draw several samples from a GP with an SE kernel varying the length scale. Shorter values of the length scale l produce
wriggly curves, while larger values produce flat functions. (a) l = 0.1, (b) l = 1, (c) l = 10.

Fig. 9. 1-D example of a GP with an SE kernel (l = 0.1 and σ 2 = 1).
We have observed the values in x1 = 0.2, x2 = 0.6, and x3 = 0.8. Then,
we predict in 100 unobserved points X∗ of the [0, 1] interval given these
observations. We draw p(F∗|X∗, X, F,�) with X = {x1, x2, x3} and F =
{ f (x1), f (x2), f (x3)}: the blue line is the mean, and the blue shadow is the
0.95 confidence interval. We also draw several samples from this distribution
in orange. Observe that almost all samples are contained in the confidence
interval.

at observation level, if the class of the nth sample is k, fn,k(xn)
is larger than fn, j (xn), j �= k and that we are assuming that
a priori fk and f j , j �= k, are independent. Thus, we need to
model now the a priori behavior of each fi , i = 1, . . . , K .
We use a GP to define an a priori independent distribution
for each column component of the latent matrix. A GP is an
infinite collection of random variables in which every finite
subset is Gaussian distributed. It can be seen as a prior over
functions. Thus, we assume that the columns of the latent
variable F, {fk}K

k=1, follow independent GP priors. For every k,
it imposes that { fn,k}N

n=1 follow jointly a Gaussian distribution
N (fk |0, KXX), where the covariance matrix is obtained using a
kernel function k(·, ·) [24]. We can write the prior distribution
of the latent function as

p(F|�, X) =
K	

k=1

p(fk|�, X) =
K	

k=1

N (fk |0, KXX) (7)

where � are the kernel hyperparameters. The covariance
matrix KXX = K(X, X) = (k(xi , x j ))i, j encodes the properties
of the desirable function (e.g., smoothness).

In this work, we use the SE kernel

kSE(xi , x j ) = σ 2 exp


−||xi − x j ||2
2l2

�
. (8)

This kernel has a great power of representation, and it is used
in many different scenarios [24]. In this case, we have to
estimate the length scale l and variance σ 2 hyperparameters.
Note that functions drawn from a GP with an SE kernel are
infinitely differentiable leading to smooth functions that are
desirable in most problems. In Fig. 8, assuming that x1, . . . , xN

are 100 points evenly distributed in the interval [0, 1], we show
several samples of a GP with different elections of the length
scale, and we can notice that it controls the level of smooth-
ness. Larger values of this parameter produce flat functions,
while shorter values lead to wriggly functions. Assuming that
the GP has been observed only at x1 = 0.2, x2 = 0.6, and
x3 = 0.8, we show, in Fig. 9, the observed values together with
the predicted values f (X∗) for X∗ being 100 points evenly
distributed in the [0, 1] interval. The use of a GP imposes that
f (X∗), f (x1, ), . . . , f (x3) are jointly Gaussian from which we
can obtain the distribution of f (X∗) given f (x1, ), . . . , f (x3).
We also include their 0.95 confidence intervals.

The joint distribution of the probabilistic framework defined
here is given by

p(y, F, X|�) = p(y|F)� � �
likelihood

p(F|X,�)� � �
GP prior

. (9)

Approximate inference methods, such as the Laplace
method or expectation propagation, have a computational cost
of O(K N3) because they involve the inversion of an N × N
dimensional matrix. To amend this problem, we use the sparse
approximation of GPs [34]. We define M � N inducing points
for each GP. These inducing points are latent variables, and
they are the values of the GP realization at the inducing point
locations Z = {z1, . . . , zM } ⊂ R

D . We gather them in the
M × K matrix U. The (m, k) term corresponds to the kth
latent variable of the mth inducing point. The mth row of U
is denoted by um,: and the kth column by uk . As we have
indicated, these inducing points can be seen as U = F(Z).
We are summarizing the value of the true latent function
through the inducing points, so it is important to optimize on
their location. It is expected that these optimal locations will
end up close to informative places as the decision boundaries.
The probabilistic model of the sparse approach is given by

p(y, F, U|�) = p(y|F)� � �
likelihood

p(F|U,�)p(U|�)� � �
GP prior

. (10)
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Fig. 10. Probabilistic graphical model of an SVGP. Dark circles stand for
observed variables, while light circles stand for latent variables.

Notice that

p(y, F|�) =
�

p(y|F)p(F|U,�)p(U|�)dU (11)

and so the abovementioned factorization does not modify the
modeling. Fortunately, it provides us with a tool to perform
tractable inference. We show the probabilistic graphical model
using inducing points in Fig. 10.

In this work, we follow the SVGP [34]. It will allow
to estimate the model parameters � and approximate the
posterior distribution p(F, U|y,�) by the distribution q(F, U).
Using the joint distribution and Jensen’s inequality, we obtain
the well-known evidence lower bound (ELBO)

log p(y|�) ≥
�

q(F, U) log
p(y, F, U|�)

q(F, U)
dUdF. (12)

Notice that this bound is valid for every q(F, U) distribution.
It is straightforward to see that maximizing the ELBO is equiv-
alent to minimize the Kullback–Leibler divergence between
q(F, U) and p(F, U|y,�). The SVGP approximation utilizes
the following parametric form for q:

q(F, U) = q(F|U,�)q(U) (13)

q(F|U,�) = p(F|U,�) (14)

q(U) =
K	

k=1

N (uk |k, Sk). (15)

Then, the ELBO can be rewritten as

log p(y|�)

≥
�

q(U)p(F|U) log
p(y|F)p(F|U)p(U)

p(F|U)q(U)
dUdF

= Ep(F|U)q(U) log p(Y|F) + Eq(U)



p(U)

q(U)

�

=
N�

n=1

Eq(fn,:) log p(yi |fn,:) −
K�

k=1

KL(q(uk)||p(uk)) (16)

where KL is the Kullback–Leibler divergence. The derivation
in (16) allows to see the ELBO as the sum of two terms: the
first one is a fidelity term imposing that the latent classifier
must classify well, and the second one is a regularization
term over the latent variable in the inducing points. Our
final goal then becomes to find the optimal kernel hyperpa-
rameters �̃, inducing locations Z̃ and variational parameters

of q(U), i.e., m̃k, S̃k , by maximizing the ELBO in (16).
Furthermore, since the ELBO factorizes over the instances,
we can use minibatches for optimizing this function reducing
the computational cost; in this case, considering that M <
Nb, the computational cost is O(Nb M2 K ), where Nb is the
minibatch size.

Once the ELBO is optimized and the variational parameters
computed, we can make predictions on an unseen test sample
x∗. The value of the latent variable f∗ on this point x∗ is given
by

p( f∗,k |x∗, �̃, X, y) =
�

p( f∗,k |uk)p(uk |�̃)duk

≈ Eq(uk )p( f∗,k |uk)

= N ( f∗,k |μ̃, �̃) (17)

where the mean and the covariance matrix are defined by

μ̃ = Kx∗Z̃K−1
Z̃,Z̃ k̃ (18)

�̃ = kx∗x∗ + Kx∗Z̃K−1
Z̃,Z̃(S̃k − KZ̃Z̃)K−1

Z̃,Z̃KZ̃x∗
�
. (19)

Finally, the class label is obtained using

p(y∗) =
�

p(y∗|f∗)p(f∗|x∗, �̃, X, y)df∗. (20)

This integral is intractable and it can be computed using
numerical algorithms, e.g., the Gaussian–Hermite quadrature.

In Fig. 11, we depict a 1-D binary toy example to provide
a better understanding of the SVGP model. The observation
model is

p(yn| f (xn)) =



1

1 + e− f (xn )

�yn



1 − 1

1 + e− f (xn )

�1−yn

(21)

with yn ∈ {0, 1}, xn ∈ R. Notice that, here, we only have
one SVGP. The blue dots are class 0 and 1 observations, and
they have been observed at x ∈ [0, 1]. In Fig. 11(a), the blue
line represents the mean of the posterior latent function
distribution, and the blue shadow represents the confidence
interval. The wider this shadow, the more the uncertainty.
We can see that there is more uncertainty in the middle of the
interval because there are no observations there. This latent
function takes values in R, so it has to be squashed into the
[0, 1] interval using the likelihood. In Fig. 11(b), the black
line goes from 0 to 1 and corresponds to the value of p(y∗)
for y∗ = 1 in (20). Notice how this value takes into account
all the possible values of f∗.

B. Deep Gaussian Processes

In this section, we detail the hierarchical extension of SVGP.
Roughly speaking, the idea behind DGPs is to stack several
SVGPs. If we use the output of one SVGP as the input of
another SVGP, and we repeat this procedure L times that we
define the (L + 1) layer. DGPs were first introduced in [29].

As it happens to SVGP, exact inference is also intractable for
DGPs. In this work, we follow the doubly stochastic inference
proposed in [30]. We introduce, at each layer l, M inducing
points Ul at inducing locations Zl−1. The joint distribution of
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Fig. 11. 1-D binary classification problem. The blue points represent the
observations. In (a), we draw p( f∗): the blue line is the mean, and the
blue shadow is the 0.95 confidence interval on the predictions. The classifier
has more uncertainty in the region where there are no observations. In (b),
we squash the latent function to the [0, 1] interval, and the black line is
p(y∗ = 1).

the probabilistic framework defined here is given by

p(y, {Fl, Ul}L
l=1) =

N	
n=1

p(yn| f L
n )

� � �
likelihood

×
L	

l=1

p(Fl|Ul; Fl−1, Zl−1)p(Ul; Zl−1)

� � �
DGP prior

.(22)

We consider F0 = X, and each factor in the product is the
joint distribution over (Fl, Ul) of an SVGP in the inputs
(Fl−1, Zl−1) but rewritten with the conditional probability
given Ul . We introduce here the semicolon notation to clarify
which are the inputs in the equations. We also consider the
same amount of inducing points in every layer, but notice that
the hidden size of each layer can be different. Fl and Ul are
N × Dl and M × Dl matrices, respectively. In this case, Zl−1

is a M × Dl−1 matrix. We show the graphical probabilistic
model in Fig. 12 that illustrates the hierarchical construction
of this architecture.

Following the same approach used in the single-layer case,
we use variational inference to find a posterior distribution
approximation q({Fl, Ul}L

l=1)

q
�{Fl, Ul}L

l=1

� =
L	

l=1

p(Fl|Ul; Fl−1, Zl−1)q(Ul) (23)

Fig. 12. Probabilistic graphical model of a DGP with L layers. Dark circles
stand for observed variables, while light circles stand for latent variables. The
dotted arrow refers to the inductive process for building the general deep
model.

where we impose the factorization q(Ul) = N (Ul |l, Sl). The
ELBO can then be written as

log p(y)

≥
� L	

l=1

p(Fl|Ul; Fl−1, Zl−1)q(Ul)

× log

�N
n=1 p(yn|f L

n,:)
�L

l=1 p(Fl |Ul; Fl−1, Zl−1)p(Ul; Zl−1)�L
l=1 p(Fl|Ul; Fl−1, Zl−1)q(Ul)

×
L	

l=1

dUldFl

=
N�

n=1

Eq(f L
n,:)[log p(yn|f L

n,:)] −
L�

l=1

KL(q(Ul)||p(Ul; Zl−1)).

(24)

Now, we also estimate the model parameters for every layer,
the variational parameters of q(Ul), and the inducing point
locations Zl−1. Again, the first term corresponds to a fidelity
term and the second one to a regularization of the latent
variable at each layer. In this case, the second term is tractable
since it is the KL divergence between Gaussians. However,
the first term involves the marginals of the posterior at the
last layer, q(f L

n,:), which is analytically intractable. Fortunately,
it can be sampled efficiently using univariate Gaussians.

Marginalizing out the inducing points in (23), the posterior
distribution for the GP layers {Fl}L

l=1 becomes

q({Fl}L
l=1)=

L	
l=1

q(Fl |l, Sl; Fl−1, Zl−1)=
L	

l=1

N (Fl |μ̃l, �̃l)

(25)

where [μ̃l]n = μl ,Zl−1(f l−1
n,: ) and [�̃l]i j = �Sl ,zl−1(f l−1

i,: , f l−1
j,: ).

The specific form of the functions μl ,Zl−1 and �Sl ,zl−1 can be
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Fig. 13. Samples from the posterior distribution of the latent function at every layer of a three-layer DGP on a 1-D binary classification problem. Every
layer is endowed with an SE kernel. The observations are described by the blue points on the third picture. Every layer provides a higher level of abstraction
producing more complex patterns.

Fig. 14. Comparison of an SVGP, a two-layer DGP (DGP2), and a three-
layer DGP (DGP3) on a 1-D binary classification problem. Deeper models
are able to capture better the decision boundary (see the zoomed-in areas).

found in [30, eqs. (7) and (8)]. Notice that we are able to
compute the nth marginal at each layer N (f l

n,:|[μ̃l]n, [�̃l]nn)
since it only depends on the corresponding nth input of the
previous layer. Thus, taking a sample of q(f L

n,:) is straightfor-
ward, and we have to recursively sample from the first to the
last layer f̂1

n,: → f̂2
n,: → · · · → f̂ L

n,:. Especially, we first sample
from εl

n ∼ N (0, IDl ), and then, for l = 1, . . . , L, we sample

f̂ l
n,: = μl ,Zl−1

�
f̂ l−1
n,:
�+ εl

n ·
�

�Sl ,Zl−1

�
f̂ l−1
n,: , f̂ l−1

n,:
�
. (26)

In summary, the expectation Eq(f L
n,:)[log p(yn|f L

n,:)] in the
ELBO [see (24)] can be approximated with a Monte Carlo
sample generated using (26). Since the ELBO factorizes across
data points and the samples can be drawn independently for
each point n, scalability is achieved through subsampling the
data in minibatches. The complexity to evaluate the ELBO and
its gradients is O(Nb M2�L

l=1 Dl). Notice how the number
of layers, and especially the hidden dimension of each one,
increases the computational cost in comparison to a single
layer SVGP.

Once the ELBO is optimized, we can make predictions on
an unseen test sample x∗. The value of the latent variable f L∗,:
can be approximated by taking S samples1 from the posterior
up to the (L − 1)th layer using x∗ as the initial input. This
yields a set {f L−1∗,: (s)}S

s=1. Then, the density over f L∗,: is given

1Results become stable after a few samples. Here, S was set to 100.

by the Gaussian mixture (recall that all the terms in (25) are
Gaussians)

q(f L
∗,:) ≈ 1

S

S�
s=1

q(f L
∗,:|L , SL; f L−1

∗,: (s), ZL−1). (27)

The code to perform DGP inference and prediction is
integrated within GPflow (a GP framework built on top of
Tensorflow) and is publicly available.2

To illustrate the intuition behind DGPs, we show, in Fig. 13,
samples from a three-layer DGP on a 1-D binary classification
problem. We equipped each layer with an SE kernel and drew
samples from the posterior distribution of the latent function
at every layer. The SE kernel produces very smooth functions
in the first layer. However, the concatenation of these simple
functions produces more complex functions as we increase the
depth. In the last layer, it captures very sophisticated patterns
combining flat regions with high-variability ones. These pat-
terns cannot be captured by a shallow GP with a stationary
kernel. A comparison between a shallow SVGP and DGPs in
this problem is shown in Fig. 14. Both models perform very
well because the problem is very simple; however, we can still
notice one of the main differences between SVGPs and DGPs.
Deeper models are able to make an abrupter jump defining
better the decision boundary (see the zoomed-in areas). In this
case, the SVGP is more uncertain on the decision boundary.
All this motivates the use of DGPs instead of SVGPs for
problems that require the capture of complex patterns.
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