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Abstract. Emission tomography images are degraded due to the pre-
sence of noise and several physical factors, like attenuation and scat-
tering. To remove the attenuation effect from the emission tomography
reconstruction, attenuation correction factors (ACFs) are used. These
ACFs are obtained from a transmission scan and it is well known that
they are homogeneous within each tissue and present abrupt variations in
the transition between tissues. In this paper we propose the use of com-
pound Gauss Markov random fields (CGMRF) as prior distributions to
model homogeneity within tissues and high variations between regions.
In order to find the maximum a posteriori (MAP) estimate of the recons-
tructed image we propose a new iterative method, which is stochastic for
the line process and deterministic for the reconstruction. We apply the
ordered subsets (OS) principle to accelerate the image reconstruction.
The proposed method is tested and compared with other reconstruction
methods.

1 Introduction

The attenuation or absorption of photons is an important effect in PET (positron
emission tomography) and SPECT (single photon emission tomography) sys-
tems, that produces errors by decreasing the quantitative accuracy of the recons-
tructed emission image [7]. Reliable attenuation correction methods for emission
tomography require determination of an attenuation map, which represents the
spatial distribution of ACFs. Frequently, the attenuation correction is performed
from a transmission scan that determines the tissue structure in a patient. The
transmission scan can be either previous (pre-injection measurements) or simul-
taneous to the emission scan (post-injection measurements).
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Bayesian reconstruction methods have been extensively used to reconstruct
medical images since they can improve the reconstructions with respect to the
classical, non statistical methods, such as FBP (filtered back projection) [11]
and ART (algebraic reconstruction techniques) [17].

In the Bayesian paradigm, the reconstructed image X̂ is obtained according
to

X̂ = arg max
X

P (X|Y ) = arg max
X

P (Y |X)P (X), (1)

where P (X) is a prior distribution incorporating the expected structure in the
image X, and P (Y |X) is a likelihood for projection data Y which depends on
the real underlying image X, and models the formation process of projections.
For transmission reconstruction, nonquadratic prior distributions are extensively
used [4, 21], since these priors allow to model the existence of anatomical edges.

In this work, we propose a Bayesian reconstruction method that uses com-
pound Gauss-Markov prior models to reconstruct attenuation maps for pre-
injection measurements. Furthermore, we have adopted the ordered subsets (OS)
[9] technique for projection data to accelerate the proposed transmission recons-
truction algorithm. Applying OS, an iterative method processes the projection
data in subsets within each iteration instead of using the whole data set. The
OS algorithms are perhaps the most frequently used to improve the convergence
rate of statistical reconstruction methods.

The rest of the paper is organized as follow. In section 2 we define the degra-
dation and image models. Then, in section 3 we propose a method for finding
the MAP estimate. The application of this method to real images is described
in section 4. Finally, section 5 concludes the paper.

2 Degradation and Image Models

In order to define the degradation distribution P (Y |X), we note that in trans-
mission tomography the attenuation is independent of position along the pro-
jection line and the observation data and is specified by Poisson distributions
(pre-injection measurements), i.e.,

P (Y |X) ∝
M
∏

i=1

[

exp
{

−bie
−ci

}] (

bi exp
{

ci

})yi , (2)

where

ci =
N

∑

j=1

Ai,jxj ,

and M is the number of detectors, N the number of pixels, and A the M × N
system matrix. Ai,j is the intersection length of the projection line i with the



Fig. 1. Image and line sites

area represented by pixel j, xj represents the attenuation correction factor at
pixel j, bi is the blank scan count, yi is the number of transmission counts at
the ith detector pair in PET or detector in SPECT and ci represents a line
integral of the attenuation map X. We note that in this distribution the random
coincidences are ignored.

We use a CGMRF distribution as image model. This prior has been pre-
viously applied, for instance, to multichannel image restoration [16] and emis-
sion SPECT reconstruction problems [13]. A CGMRF model provides us with
a means to control changes in the image using an auxiliary random field. This
model has two levels, an upper level which is the image to be restored and a
lower or auxiliary level that it is a finite range random field to govern the tran-
sition between the sub-models. The use of an underlying random field, called
the line process, was introduced by Geman and Geman [6] in the discrete case.
Extensions to the continuous case were presented by Jeng and Woods [10].

The CGMRF model is introduced from a simpler one, the conditional auto-
regression (CAR) model [18], which is defined by

P (X) ∝ exp
{

−1

2
α Xt(I − φC)X

}

, (3)

where α is a scaling parameter which adjusts the global smoothness of the re-
construction. For an 8-point neighborhood system, the (i, j)th element of matrix
C is given by

Ci,j =







2(0.5
√

2 + 1)−1 if d(i, j) = 1

2(
√

2 + 1)−1 if d(i, j) =
√

2
0 otherwise

,

where d(i, j) is the Euclidean distance between pixels i and j, and |φ| < 1/8.
Note that

∑

j Ci,j = 8

If we assume a ”toroidal edge correction”, we now introduce the line process
by rewriting (3) as



− log P (X, L) ∝

∝ αφ

2

∑

i

Ci,i:1(xi − xi:1)
2(1 − l[i,i:1]) +

αφ

2

∑

i
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2(1 − l[i,i:2])

+
αφ

2
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i

Ci,i:5(xi − xi:5)
2(1 − l[i,i:5]) +

αφ

2

∑

i

Ci,i:6(xi − xi:6)
2(1 − l[i,i:6])

+
α

2

∑

i

β
[

l[i,i:1] + l[i,i:2] + l[i,i:5] + l[i,i:6]
]

+
α

2

∑

i

(1 − 8 φ)x2
i , (4)

where i:1, i:2, ..., i:8 are the eight pixels around pixel i (see Fig. 1). The element
l([i, j]) takes the value zero if pixels i and j are not separated by an active line and
one otherwise. The parameter β is a scalar weight, which adjusts the introduction
of active lines or edges in the image. For very large β the prior model becomes
Gaussian. The process line acts as inhibitor or activator of the relation between
two neighboring pixels depending on whether or not there exists an edge. We
note that the CAR model is obtained when l[i, j] = 0, ∀i, j.

3 MAP Estimation

Let us now proceed to find X̂, L̂, the MAP estimates of X and L which are
given by the following equation

X̂, L̂ = arg max
X,L

P (X, L|Y ). (5)

The joint probability distribution P (X, L|Y ) is nonlinear, therefore it is dif-
ficult to find X̂ and L̂ by conventional methods since these procedures do not
usually reach the global minimum of the energy function. Therefore stochastic
algorithms such as simulated annealing have been proposed (see [6, 15]). In this
work, the method we use for estimating the original image and the line process
is stochastic for the line process and deterministic for the reconstruction.

In order to estimate the line process we simulate the corresponding condi-
tional a posteriori density function. Let us denote by PT (l[i,j]|L[i,j], X, Y ) the
conditional a posteriori density function for the line process l[i,j], given X, Y
and the rest of L, L[i,j] = (l[s,t] : ∀[s, t] 6= [i, j]). To simulate this density function,
we have the following equations

PT (l[i,j] = 0|L[i,j], X, Y ) ∝ exp

[

− 1

T

αφ

2
(xi − xj)

2

]

(6)

PT (l[i,j] = 1|L[i,j], X, Y ) ∝ exp

[

− 1

T

αβ

2

]

, (7)

where T is the temperature. Equation (6) shows the likelihood to obtain an
active line element, whereas (7) just represents the opposite.

Given an estimate of the line process, L, and the observation, Y , we note that
P (X|L, Y ) is convex and quadratic so that a deterministic method can be used



to estimate the image X. This method starts by differentiating the function
− log P (X|L, Y ) with respect to each pixel xi, and so we have the following
equation

− ∂

∂xi

log P (X|L, Y ) = α(1 − 8φ)xi+

+ αφxi

∑

j∈Ni

Ci,j(1 − l[i,j]) − αφ
∑

j∈Ni

Ci,jxj(1 − l[i,j])

+

M
∑

s=1

ysAs,i −
M
∑

s=1

bsAs,ie
−

∑

N

j=1
As,jxj = 0,

where j ∈ Ni denotes the neighboring pixels of i
Taking into account that φ

∑

j∈Ni
Ci,j + (1 − 8 φ) = 1 and noting that when

l[i,j] = 1, both xi(1 − l[i,j]) and xj(1 − l[i,j]) are zero, we have at the minimum
of the function − log P (X|L, Y )

αxi +
M
∑

s=1

ysAs,i =αφ
∑

j∈N i

xjCi,j + αφxi

∑

j∈N
i

Ci,j +

+
M
∑

s=1

bsAs,ie
−

∑

N

j=1
As,jxj , (8)

where N i and N i denote, respectively, the neighboring pixels of i without and
with an active line between i and j. We have removed their dependency on the
current line process estimate for simplicity.

Multiplying both sides of the Eq. (8) by xi, we obtain

xi = xi

αµi(X) +
∑M

s=1 bsAs,ie
−

∑

N

j=1
As,jxj

αxi +
∑M

s=1 ysAs,i

, (9)

with

µi(X) = φ
∑

j∈N i

xjCi,j + φxi

∑

j∈N
i

Ci,j .

Equation (9) is a characteristic function, hence it describes an iterative
process for the image estimation. We note that the backprojections of the ob-
servations

∑M
s=1 ysAs,i need only be determined once. We also note that when

α = 0 we obtain a maximum likelihood expectation maximization (ML-EM)
algorithm.

Let us now consider the ordered subsets (OS) principle. The principle was in-
troduced to reduce the reconstruction time of the classical ML-EM algorithm for
emission tomography [9]. The OS technique can be applied to any algorithm that
involves sums over sinogram indices by replacing them with sums over a subset



of projection data, consequently it is widely used to improve the convergence of
iterative reconstruction methods [4, 8, 12].

Now, we use OS to speed up the iterative procedure in (9). We denote by
U the number of subsets V1, ..., VU chosen in the projection domain. We assume
that the subsets cover the whole projection domain, they have the same size,
and also that Va

⋂

Vb = ∅ for a 6= b. We have

M
∑

s=1

bsAs,ie
−

∑

N

j=1
As,jxj =

U
∑

u=1

∑

s∈Vu

bsAs,ie
−

∑

N

j=1
As,jxj , ∀i (10)

and
M
∑

s=1

ysAs,i =

U
∑

u=1

∑

s∈Vu

ysAs,i, ∀i. (11)

We now use the following approximations

M
∑

s=1

bsAs,ie
−

∑

N

j=1
As,jxj ≈ U

∑

s∈Vu

bsAs,ie
−

∑

N

j=1
As,jxj , ∀i (12)

and
M
∑

s=1

ysAs,i ≈ U
∑

s∈Vu

ysAs,i, ∀i. (13)

The OS version of (9) then becomes

xi = xi

αµi(X) + U
∑

s∈Vu
bsAs,ie

−
∑

N

j=1
As,jxj

αxi + U
∑

s∈Vu
ysAs,i

= xi

α
U

µi(X) +
∑

s∈Vu
bsAs,ie

−
∑

N

j=1
As,jxj

α
U

xi +
∑

s∈Vu
ysAs,i

, . (14)

In this expression, U takes the role of a scale factor which ensures that the
selection of the hyperparameter α for the reconstruction does not depend on the
number of subsets.

We can use (6), (7) and (14) in the following algorithm to find the MAP
estimate of L and X:

Let k = 1, 2, ..., be the sequence of iterations in which the lines or pixels are
visited for updating.

1. Set k = 0 and assign an initial configuration denoted as X−1, L−1, and an
initial temperature T = 1.

2. The evolution L̂k−1 → L̂k of the whole line process is simulated by the
probability functions defined in (6) and (7).

3. The evolution X̂k−1 → X̂k of the whole image is obtained as:



(a) Set F̂0 = X̂k−1.
(b) For each subset Vu (where u = 1, ..., U) the evolution F̂u−1 → F̂u is

calculated by using F̂u−1 in the right hand side of (14) to obtain F̂u in
the left hand side of the same equation.

(c) Update the image estimate as X̂k = F̂U .
4. Set k = k+1. Decrease the temperature T according to an annealing scheme

[10]

T =
0.6

log(1 + k)
,

and go to step 2 until a stopping criterion is met.

4 Experimental Results

The proposed reconstruction method was applied to real PET transmission data.
These data are available in [5] and represent a PET scan of an anthropomorphic
torso phantom (Data Spectrum Corporation) that includes 3 attenuation levels:
lungs, bone, and soft tissue. The blank and transmission scan has 192 angles and
160 radial bins and the size of the reconstructed attenuation map is 128×128
pixels.

The method was implemented with 1, 2, 4, 8, 16, 32, and 64 non overlapping
subsets and henceforth, we denote the proposed algorithm by CGMRF OSu
with u the number of subsets. In the experiments, we adopt a balanced or-
der of the subsets [9] such that projection angles corresponding to two adja-
cent indices for subsets are separated by angles with maximum angular dis-
tance. Figures. 2(a), 2(c), 2(d) and 2(e) show respectively the CGMRF OS1,
CGMRF OS8, CGMRF OS32 and CGMRF OS64 reconstructions of the trans-
mission map. Figures 2(b) and 2(f) shows the corresponding line process for the
CGMRF OS1 and CGMRF OS64 reconstructions. We note that the method
locates all regions in the image and the general form of the objects is clearly
distinguished.

For all CGMRF OSu cases, the parameters were experimentally chosen to
be equal to α = 600000 and β = 8 × 10−6, which capture all edges present in
the image.

Using as stopping criterion

||X̂k − X̂k−1||2/||X̂k||2 < 10−7, (15)

the number of iterations needed for each CGMRF OS reconstruction are shown
in table 1. We can see that the number of iterations decreases when the number
of subsets increases.

To compare the convergence speed, we applied the OSEM algorithm derived
from Eq. (14) when α = 0. The number of iterations for each OSEM recons-
truction is also shown in table 1. In our experiment, the OSEM algorithm with
32 and 64 subsets significantly magnifies the noise after only one iteration and



therefore these cases are not considered. For OSEM, the quality of the recons-
tructed images depends on the number of projections in each subset; if we use
a large number of subsets the reconstructed images are very sensitive to noise
[19, 20]). Regularization allows us to use more subset levels (32 and 64) and
improves the convergence of CGMRF OS1, CGMRF OS2, CGMRF OS4, and
CGMRF OS8 in comparison to their OSEM versions.

For visual comparison, since the original image is obviously not available, we
also show the reconstructions obtained by filtered back-projection (FBP), ma-
ximum likelihood (ML) without post-filtering, and also when conditional autor-
regresive (CAR) and generalized Gauss Markov random fields (GGMRF) prior
image models are used (see respectively Figs. 3(a), 3(b), 3(c) and 3(d)).

For the last two reconstructions, the scale parameters were set to α = 8500
(CAR) and σp = 0.0058 for a shape parameter p = 1.1 (GGMRF) (we note
that σ2 = 1/α [2]). Scale parameters were obtained using the hyperparameter
estimation process described in [14]. It can be observed that the use of a CAR
prior penalizes excessively the edges (see Fig. 3(c)), while both the GGMRF
and the proposed CGMRF OS method better preserve them (see Figs. 2(a),
2(c), 2(d), 2(e) and 3(d)).

The CAR prior is a special case of both the GGMRF and CGMRF priors.
The CAR prior corresponds to a GGMRF prior when the shape parameter is
equal to 2 and, as noted previously, the CGMRF is equivalent to the CAR prior
when β is very large. Note that, in the presence of edges, the variance of the
prior distribution (the inverse of the parameter α), is greater for the CAR prior
than for the CGMRF one. Since the CAR prior does not take into account
the presence of edges, the variance of the model increases due to the difference
between the pixel in both sides of an edge. However, the CGMRF prior takes
into account that pixels across the edges are not related and, hence, the variance
of the model decreases.

5 Conclusions

In this paper we have presented a new method for the reconstruction of trans-
mission images. This method uses a compound Gauss Markov random field as
prior model. This prior is particularly well adapted to the characteristics of
these images. MAP estimation is performed by simulated annealing for the line
process and a deterministic iterative scheme for the transmission image recons-
truction, which utilizes ordered subsets for the image update. According to our
experimental results, the proposed Bayesian method provides an acceptable ac-
celeration and increases the quality of the reconstruction with respect to FBP,
OSEM, CAR and GGMRF algorithms, since regions with differents values of
attenuation can be better distinguished.
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