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We present a simple and robust method for finding sparse rep-
resentations in overcomplete transforms, based on minimiza-
tion of the L0-norm. Our method is better than current solu-
tions based on minimization of the L1-norm in terms of energy
compaction. These results strongly question the equivalence
of minimizing both norms in real conditions. We also show
application to in-painting (interpolation of lost pixels).

Index Terms— Image representation, restoration.

1. INTRODUCTION AND IMAGE MODEL

Overcomplete representations allow for a more powerful im-
age analysis and processing compared to critically sampled
ones, because they favor the extraction of relevant local fea-
tures [1, 2] and they also allow for invariance to translation,
rotation, phase, etc. [3, 4]. So, it is not surprising that the
human visual representation is highly redundant [5]. In ad-
dition, several studies indicate that the proportion of neurons
in the visual system responding simultaneously is small [2].
This seems an efficient way of storing and processing the
information. Therefore, in image processing we are inter-
ested in sparse overcomplete representations, that is, approx-
imating the images as linear combinations of few elementary
functions from a large dictionary [6, 7, 2, 8]. Sparseness
has been used, associated to high-order moments, as a figure
of merit for reducing mutual information among responses
(e.g., [9]). Most degradation sources decrease the sparseness
of the wavelet coefficients (e.g., [10, 11]), and thus we can
compensate for part of the degradation by finding sparse ap-
proximations to the observations [12, 13]. For instance, we
can fill-in missing pixels by imposing that the resulting image
is sparse in a suitable representation [14].

In an overcomplete linear system, the level of sparseness
depends on: 1) the set of elementary functions available for
the representation; 2) the non-linear selection mechanism of
elementary functions; and 3) the statistical properties of the
input. In this work we use theCurveletpyramid [15], a tight
frame based on ridge functions. We have seen that it provides
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good compaction results compared to other tight frames. We
propose a simple and robust coefficient selection mechanism
based on minimizing the number of non-zeros and compare it
with methods based on minimizing the sum of absolute val-
ues. We also show application to the in-painting problem.

2. THE SPARSE REPRESENTATION PROBLEM

Let’s consider aN×M matrixΦ with M > N andrank(Φ) =
N . Then, for an observationx ∈ RN the system of equations:

Φa = x, (1)

has infinite solutions ina ∈ RM . The minimum L2-norm so-
lution,aLS = Ψx, is often chosen, whereΨ = ΦT [ΦΦT ]−1

is the pseudoinverse ofΦ (note that it corresponds to the
analysis operator). This is computationally simple, specially
when Φ is self-invertible (Ψ = ΦT ). Unfortunately, it is
clearly not the best option in terms of efficiency (in storage
and processing) and independence among coefficients. A more
interesting alternative is to solve the following problem:

â0H = arg min
a

‖a‖0 s.t.Φa = x. (2)

where‖a‖0 is the L0-norm of a vectora, i.e, the number of its
non-zero coefficients. In many practical situations it is conve-
nient to allow for a certain degree of error, and we can relax
the optimization constraint using the following formulation:

â0S = arg min
a
{‖a‖0 + λ‖Φa− x‖2

2} (3)

whereλ ∈ R+. Unfortunately, the only known method to
solve these equations exactly is combinatorial, thus NP- com-
plex [16]. To overcome this problem, the following alterna-
tive formulation has been proposed [8]:

â1H = arg min
a

‖a‖1 s.t.Φa = x. (4)

â1S = arg min
a
{‖a‖1 + λ‖Φa− x‖2

2} (5)

where‖a‖1 =
∑M

i=1 |ai| denotes the L1-norm of vectora.
Basis Pursuit (BP) and Basis Pursuit Denoising (BPDN) [8]



make use of the convexity of the objective functions in Eqs. (4)
and (5) to find optimal solutions using linear programming.
However, when dealing with large vectors, these methods are
computationally very expensive [17]. Recently, an efficient
method achieving low L1-norm representations [17] has been
successfully applied to several applications such as in-painting
and blind source separation. Though originally conceived to
separate different morphological aspects of an image by us-
ing multiple dictionaries with complementary features, it is
easily adapted for obtaining sparse representations in a single
dictionary (called here Single Dictionary MCA, SDMCA).

Sufficient conditions of equivalence of using L1 or L0-
norm as objective function given in [18] requires the propor-
tion of non-zero coefficients to be extremely small, having
thus little practical application [16]. More recently, the equiv-
alence condition has been found to be a number of non-zeros
proportional toN [16]. However, this proportionality factor
is difficult to calculate in general, and it is still not clear that
equivalence conditions may hold using typical images and
representations for useful sparseness levels (see, e.g., [19]).

3. L0-NORM-BASED SPARSE REPRESENTATION

In this section, we present a sub-optimal method for solving
Eq. (3) that, being extremely simple, is reasonably efficient
and improves the results given by L1-norm based methods in
terms of compaction of energy in few non-zero coefficients
and application to in-painting (see Section 4).

Note that solving Eq. (3) for a given‖â0S‖0 = K is
equivalent to solve it for a certainλ value. So, we can re-
formulate Eq. (3) as looking for the vectora with K non-zero
coefficients minimizing the Euclidean distance tox. That is,
if C(K) = {a ∈ RM : ‖a‖0 = K}, then:

â(K) = arg min
a∈C(K)

‖Φa− x‖2

To solveâ(K), we use bothC(K) and the affine set of so-
lutions to Eq. (1), denotedS(Φ,x). The latter is convex,
but the former is not. Nevertheless, we apply the alternat-
ing projections method [20], which converges to a solution in
C(K) that is a local minimizer of the distance toS(Φ,x),
and thus of the distance between the sets in the image do-
main, as it can be easily proved provided thatΨ is a tight
frame. LetP⊥S(Φ,x)(a) = a + aLS − ΨΦa be the orthogo-

nal projection ofa ontoS(Φ,x). Then‖a−P⊥S(Φ,x)(a)‖2 =
‖Ψ(x−Φa)‖2 = k‖x−Φa‖2, with k > 0. If â(K) ∈ C(K)
is a local minimizer of the distance toS(Φ,x), then exists
δ > 0 such that for everya ∈ C(K), if ‖a − â(K)‖2 < δ,
then‖a− P⊥S(Φ,x)(a)‖2 ≥ ‖â(K)− P⊥S(Φ,x)(â(K))‖2, thus
‖x−Φa‖2 ≥ ‖x−Φâ(K)‖2. That is,Φâ(K) is a local min-
imizer ina ∈ C(K) of the Euclidean distance tox (q.e.d).

We noteht(a,K) the minimum Euclidean distance pro-
jection onto the setC(K) of a vectora, which is just the
hard-thresholding operation preserving theK greatest values

in amplitude. Then, our method can be formulated as follows,
given an initiala(0) = ht(aLS ,K):

a(n+1) = ht(P⊥S(Φ,x)(a
(n)),K).

Iterations end when‖a(n+1) − a(n)‖2 < ε. Fig. 1 illustrates
our method withK = 1. A is the subspace spanned by the
columns ofΨ.

Fig. 1. L0-norm minimization through alternate projections.

4. RESULTS AND DISCUSSION

We have tested our method on a set of five8-bit 2562 grayscale
standard images (Boat, Einstein, Barbara, Peppers, Lena)1.
We used CurveLab 2.0, a Curvelet implementation for MAT-
LAB r (http://www.curvelet.org), with 5 scales. Redundancy
factor is≈ 7.2. Basis Pursuit is implemented in Atomizer802
(http://www-stat.stanford.edu/∼atomizer). We use Peak Signal-
to-Noise Ratio (PSNR) for comparing images, expressed as
10·log10(2552/MSE) whereMSE is the mean square error.
L0-norm is expressed as percentage of non-zero coefficients.

4.1. Signal compaction

Fig. 2 shows averaged L0-norm vs. PSNR of our method
(solid line), BP (dotted line) and SDMCA (dashed line) for
our set of test images. To obtain optimal performance of
SDMCA, initial threshold has been set to the maximum am-
plitude value of the coefficients, and we have used a very large
number of iterations (1000), same as for our method2. As so-
lutions from BP and SDMCA are not strictly sparse, we have

1Boat andBarbara are cropped to2562 starting at pixel (200,100) and
(150,50) respectively. The black border surroundingEinsteinhas been re-
moved by repeating the neighbor line.

2Much fewer iterations suffice in practical implementations.



applied a thresholda posteriorito the coefficients in order to
compare the methods, matching the number of non-zero coef-
ficients of our solution. The curve obtained directly by thresh-
olding aLS has been also included as a reference (dashed-
dotted line). The objective of both BP and SDMCA is to solve
Eq. (4), but our method approximates solutions to Eq. (3).
As such, it would be more directly comparable with BPDN.
However, we have obtained better results with thea posteri-
ori threshold of BP than with BPDN. Our sub-optimal, sim-
ple method performs better than both SDMCA and BP. Thus,
BP is not minimizing the L0-norm, implying that equivalence
conditions of L0-L1 minimization are not met. As a more
demanding comparison, we have LS-optimized the selected
coefficients for each case, and only BP slightly surpassed our
performance in the intermediate L0-norm range (graph not
shown here). The vertical bold line indicates the percentage
associated toN , for which value an optimal method would
provide perfect reconstruction. This makes evident the sub-
optimal nature of all four compared methods (ours being the
best). For these experiments, the computational cost of our
method and SDMCA are similar, but BP is around6 times
slower. A visual example is shown in Fig. 3. Left is abso-
lute error of the BP2.1%-approximation toLena, cropped to
1282 for visibility. Right is our approximation with the same
L0-norm, which obtains2.37 dBs better reconstruction.

Fig. 2. Semi-logarithmic plot of averaged energy compaction
results in our set of test images.

4.2. Sparseness representation for in-painting

When we have some lost pixels in an image, we can use the
fact that typical images can be approximated as linear com-
bination of relatively small subsets of features from a dictio-
nary, to interpolate the missing data (in-painting). Given a
sparseness levelK and a dictionaryΦ, we look for the im-
age sharing the set of observed pixels and having minimum
Euclidean distance to the set ofK-sparse images. In prac-

Fig. 3. Left, absolute error for BP approximation toLenawith
2.1% of coefficients (34.28 dBs). Black pixels correspond to
high error.Right, our result with same L0-norm (36.65 dBs)

tice, the quality of the interpolation depends on having a good
estimate of theK providing the minimum mean-square er-
ror (MSE), which we noteKopt (see paragraph below). We
denotex the original image andD a diagonal matrix such
that di,i = 1 if xi is known and0 otherwise. We also de-
noteaLS = ΨDx. Finally, we defineSD(Φ,x) as the set
of vectors with perfect reconstruction of the observed pix-
els. The orthogonal projection operator ontoSD(Φ,x) is
P⊥SD(Φ,x)(a) = a+aLS −ΨDΦa. Then, givena(0) = aLS ,

we obtaina(n+1) = P⊥SD(Φ,x)(ht(a(n),K)). Iterations end

when‖a(n+1) − a(n)‖2 < ε. Once converged, final estima-
tion is x̂ = Φa(end).

For the choice ofK, we propose a method based on maxi-
mizing the mean-square value (MSV) of the interpolated pix-
els. For small values ofK, only the most salient features of
x are represented, and a low MSV results. When we choose a
very highK, broken features are represented more accurately
using many separated elementary functions than approximat-
ing them as parts of fewer features. This results in a poor
interpolation and a low MSV of the estimated missing pix-
els. When using intermediateK values, there are enough
elementary functions to represent all relevant features, but
not enough to describe finely the broken features, so missing
pixels are filled-in with elementary functions, and a higher
MSV results. Solid line (left axis) of Fig. 4 shows normalized
MSE at estimated pixels w.r.t.K, whereK is normalized to
Kopt. Dashed line shows normalized MSV. Dotted lines in-
dicate standard deviation for eachK. Dashed-dotted line is
the real MSV of missing pixels of the original image, an up-
per bound of the MSV curve. Results are averaged for our
set of test images randomly missing40% of the pixels. For
each test,250 iterations of the method are executed. We set
K̂opt = 1

0.7Kmax. Left panel of Fig. 5 shows theBarbara
(cropped to1282) result from SDMCA, running100 iterations
and setting the initial threshold below10% of the coefficients
(29.24 dBs). Right panel is our result usinĝKopt (100 itera-
tions,32.49 dBs). Better results are reported by adding some



heuristics to a sparseness-based approach [14].

Fig. 4. Solid, normalized MS-error of estimated vs. real pix-
els (left axis) w.r.t. normalized values ofK averaged in our
set of test images for a degradation randomly missing40%
of pixels. Dashed, normalized MS-value of estimated pixels
(right axis).Dotted, standard deviation for eachK. Dashed-
dotted, real MS-value.

Fig. 5. Left, using SDMCA for a40% missing pixels obser-
vation (29.24 dBs).Right, our result (32.49 dBs).

5. CONCLUSIONS

Ours is, to the best of our knowledge, the first practical method
based on minimizing directly the L0-norm of the represen-
tation. We have compared it with optimal (BP) and sub-
optimal (SDMCA) solutions minimizing the L1-norm, in ad-
vantageous conditions for them. Our method is better in terms
of compaction of energy in few non-zero coefficients, and
similar to SDMCA in computational cost (BP is much slower).
These results question the equivalence of minimizing L1 and
L0-norm in practice. For in-painting application, our method
provides a remarkably better estimation than practical L1-
norm-based method. In the future, we will develop more pow-
erful minimization strategies and extend to other applications.
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