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B. Prados-Suárez, D.Sánchez and J. Chamorro-Martı́nez

Abstract— In image segmentation it is well known that a
given image can be analyzed with different detail levels, this is
why some hierarchical approaches have been proposed to give
a different segmentation for each detail level. Most of these
proposals are specially designed for precise and well defined
regions. However regions usually have blurred contours, soft
color shades, and brightness that give rise to the problem of the
imprecision in the regions. In this paper we face both problems
considering the imprecision of the regions at the definition of
the criteria to obtain a hierarchy detail levels. Concretely, we
propose to calculate a similarity relation between fuzzy regions,
based on two measures that take into account the imprecision
in the transition between the regions, as well as the likeness of
their characteristics. Then we use this fuzzy similarity relation
to obtain a nested hierarchy of fuzzy segmentations by means
of its α-cuts. In this way we obtain a tool to easily change the
detail level and obtain a new fuzzy segmentation of the image,
just changing the value of α.

I. INTRODUCTION

In image segmentation field it is well known that a given

image can be analyzed with different detail levels: studying

it with high detail, the segmentation results will be a set of

numerous, small and fine regions; while in a less detailed

segmentation, the result will be a set with a few, big and

coarse regions.

In most cases, its enough with setting the desired detail

level, and process the image according to it [1]; or looking

for the level in which a given region of interest is best

represented, like in medical applications [2], [3]. However

there is also a great variety of applications, like those on

Sonar, SAR, astronomical or aerial images, that require

structures and methods to jointly consider all the detail

levels [4], [5], [6], [7], to move between them according

to the needs [8], [9], [10], [11], [12], and to compare the

information in different scales [13], [14], [15], [16]. As an

example, given an aerial image, we could distinguish the sea,

the land and the forest areas (in a low detailed analysis), but

also (in a high detailed study) we could find distinct deep

areas in the sea or different types of forest, or even (in a

higher detail level) look for marks in the sea with concrete

characteristics that could represent oil dumping.
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This is why every day more the leaning is to process

images with a multi-scale or hierarchical technique [17],

[11], that offer as result a segmentation of the image for

each scale or level, respectively. Multi-scale techniques are

mainly based on study the evolution of the contours through

different scales, by blurring the image more in each scale

and then performing a new segmentation. Depending on

the blurring function used we can find isotropic methods

[18], [7], like those based on gaussian scale spaces, or

anisotropic techniques [19], [7]. These last type of methods

add a filtering process that use the image gradient to blur

less the areas near the borders, like the method of Perona-

Malik (Perona-Malik difussion) [20]. However, because of

the gradient calculation, the filtering and the segmentation

process that must be performed in each scale, these tech-

niques have numeric restrictions and computational times

that are difficultly assumable in most cases [7].

This is why we focus on the second type of methods to

analyze an image in several detail levels: the hierarchical

techniques. There are methods that can obtain a hierarchy

starting from the whole image and splitting it into several

regions [21]; but the majority of the methods start from an

initial segmentation of the image and obtain each detail level

merging regions from the previous one [22], [23], [24], [25].

Also a combination of both proposals (split & merge) can

be found in [26]. Though these proposals can be applied to

obtain a hierarchy, most of them are usually applied only

to solve over-segmentation problems [25], [27], [28], [29],

and do not face explicitly the construction of a hierarchy.

The methods which do face this problem give as a result a

different segmentation of the image for each level, verifying

the condition that the set of regions in that level is included

in the set of regions of the next one. The main differences

between proposals in this framework are in the way the face

three problems:

• The calculation of the initial segmentation.

• The selection of some criteria to decide which regions

must be merged in each level.

• How to perform this merging process.

Nowadays there is a very wide variety of proposals to

obtain the initial segmentation: from crisp methods to fuzzy

techniques. Here we have centered on fuzzy segmentations,

to incorporate the well known advantages they have regarding

the crisp algorithms ([30], [26], [31], [32]), specially to deal

with the imprecision in images, like blurred contours and

light effects: brightness, shadows, and soft color shades. In

this paper we briefly tackle this problem in section II.
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Fig. 1. Different types of regions and transitions between them. A: Soft

transition between regions of different color. B: Sharp color change between

region of similar characteristics.

Regarding the criteria to decide when two given regions

must be merged, we can find in the literature several pro-

posals [33], [30], [34]. Among them two trends can be

found: on one hand there are methods based on valuating

the transition between the regions [35], [12], computing

the magnitude of their border; on the other hand, most of

proposals measure the likeness between the characteristics

of the regions [36], [37], [38], usually through the difference

between their average colors.

However, there are cases like those in figure 1, where

using just one of those criteria is not enough to make a good

decision. In figure 1 (A) there is a soft color shade from

green to orange, and hence an imprecise transition. Here

a measure of the contour would indicate that the regions

are quite similar while using the color difference criteria we

would find them very different. In figure 1 (B) we have the

opposite example, where there are two regions with similar

color but with a clearly marked border. Therefore, as we

propose here, both criteria should be considered, since they

offer relevant and complementary information.

Concerning the calculation of the hierarchy, most of

the techniques apply a basic merging algorithm such that,

roughly speaking, each time two regions are merged, a new

hierarchy level in obtained [5], [39], [34], though there are

also some proposals that use Markov [9], [40] or Gibbs [12]

random fields. Here we propose to use a fuzzy similarity

relation to obtain a nested hierarchy of fuzzy segmentations,

where each level is an α-cut on the relation. We also propose

to perform the merging process between fuzzy regions by

calculating, for each pixel of the new region, its maximum

membership degree to the merged regions.

The remainder of this paper is structured as follows:

In section II we briefly tackle the problem of the initial

segmentation, and in section III we propose a similarity

measure, to compare fuzzy regions, that incorporates both

relevant criteria above mentioned. In section IV we use this

similarity measure to obtain a nested hierarchy of fuzzy

segmentations, and finally we present in sections V and VI

our results and conclusions, respectively.

II. INITIAL SEGMENTATION

In this paper we assume that we have an initial fuzzy

segmentation of the image that can be obtained, as an

example, applying the algorithm that we proposed in [41].

In our fuzzy path based segmentation technique [42], [41],

as a brief summary, we define a fuzzy segmentation of the

image as a set of fuzzy regions, each of them modelling a

region of the image. More formally:

Definition 2.1: Given an image, I, we define a fuzzy

segmentation of it as the set Θ̃ = {R̃1, R̃2, . . . , R̃m}, were

each R̃i is the fuzzy set representing a region in the image.

To obtain the set of fuzzy regions, our technique starts

from a seed point (rs) for each region, and calculates the

membership degree, μ
R̃s

(pi), of each pixel pi in the image

to each fuzzy region R̃s. This membership degree is obtained

as the connectivity degree of the optimum path between the

pixel and the seed of the region, noted as πrspi
. The optimum

path between two points is defined as the path with maximum

connectivity, and to measure this connectivity we propose in

[41] the use of different homogeneity measures, that indicate

how similar are the characteristics of consecutive points

along the path.

This segmentation method offer as a result, not only the

fuzzy regions, but also the information of the optimum path

from every region to every, as well as its homogeneity. This

information will be used in next section to calculate a fuzzy

resemblance measure, incorporating both the transition and

the likeness criteria mentioned in the introduction.

Here, we want to remark that our proposal to calculate the

hierarchy of fuzzy segmentations can be applied on (almost)

any initial fuzzy segmentation. To apply our proposal just

as presented in this paper, the single restriction that the

fuzzy segmentation must verify is that it must have been

computed considering topological information as in path

based techniques, like those in [43], [44], [41]. If the initial

segmentation is obtained with any other method, our proposal

to obtain the hierarchy can also be applied: it would only

be necessary to adapt the resemblance measure proposed in

section III-C, calculating it with the information given by the

chosen fuzzy segmentation technique.

III. FUZZY SIMILARITY RELATION BETWEEN REGIONS

In this section we face the definition of a fuzzy similarity

relation between fuzzy regions to be used in the hierarchy to

determine when two fuzzy regions must merged. Depending

on the available information, this measure can be computed

in different ways. Since, as previously mentioned, we assume

that we start from an fuzzy segmentation computed with a

path-based technique, we propose to use the information of

the computed paths to measure the similarity between the

fuzzy regions.

In addition, we want to incorporate both the information

regarding the transition between the fuzzy regions, and the

one related to the likeness of their characteristics. Hence,

as can be seen in the scheme in figure 2, we will compute

two values, one for each criteria, in sections III-A and III-B

respectively. Then, in section III-C we show how to combine

them in a resemblance measure, to finally obtain from it a

fuzzy similarity relation, as in section III-D. It will be used

later to compute the hierarchy of fuzzy segmentations. In

figure 2 we show on top left of each square the section of

the paper where the corresponding problem is tackled.
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Fig. 2. Scheme of the steps to compute the similarity between fuzzy
regions.

A. Transition between Regions

As mentioned above, given two regions in the image it is

necessary to evaluate the transition between them, to know if

there is a sharp border, an imprecise contour, or a soft color

shade, and use this information to decide whether they must

be merged or not.

Since we have a fuzzy set modelling each region, we can

know the characteristics of the transition between the regions

by studying in the intersection of the fuzzy sets. Pixels in the

intersection belong to both fuzzy regions, which means that

they are in the border between the regions.

Our proposal is to summarize the information in the

intersection of the fuzzy sets, to value the characteristics

of the transition by the maximum membership degree of

the pixels in the intersection. This value is calculated as in

equation 1.

fuzz(R̃s, R̃t) = max
p∈I

{min[μ
R̃s

(p), μ
R̃t

(p)]} (1)

Calculating fuzz in this way, if the border is sharp we

obtain a fuzz value near 0, which indicates that regions

shouldn’t be merged. With an imprecise contour, the value

of fuzz will be higher, and even more if there is a soft color

shade, which means that regions could be merged.

In figure 3 (A) we graphically show which is the chosen

fuzz value: the green and orange lines represent the outline

of the fuzzy set corresponding to the regions R̃s and R̃t,

respectively. The red line highlights the intersection of both

sets and the blue circle marks the point pInt. This point is the

pixel with maximum membership degree to the intersection,

used to compute fuzz(R̃s, R̃t) whose value is in the axis Y.

B. Color Likeness between Regions

Previously we mentioned that most of proposals to mea-

sure the likeness between the characteristics of the regions,

are mainly based in comparing their average colors. Though

it is useful when regions are very homogeneous, in cases

like in figure 1 (A), where there is a soft and gradual color

change, the average color of all the pixels in the region won’t

be representative of the real color of the region. Hence, the

comparison of the average colors makes no sense.

To solve this problem we propose to study the charac-

teristics of the regions but only in the area between their

seeds. Concretely, we propose to use the information of

the optimum path between region’s seeds. Since there is a

number of optimum paths between both seeds, we select the

sub-paths between each seed and the point pInt to estimate a

value representative of the likeness of the regions. The point

pInt is the one belonging to both regions in maximum degree

and used to obtain fuzz(R̃s, R̃t).
Evaluating the average color along these sub-paths, and

calculating the difference between them, as in equation 2, we

obtain an approach indicating how alike are these regions:

par(R̃s, R̃t) = 1 − ΔC(c(πrspInt
), c(πrtpInt

)) (2)

where pInt ∈ R̃s

⋂
R̃t has maximum membership degree

to the intersection, μ
R̃s

⋂
R̃t

(pInt) ≥ μ
R̃s

⋂
R̃t

(pj), ∀pj ∈

R̃s

⋂
R̃t. The value c(πpq) denotes the average color of the

path between the pixels p and q in the color space used in

the initial segmentation, and ΔC is the distance defined in

that space, that must be in [0, 1]. In [41] we used the HSI
color coordinates and proposed a distance measure in this

space.

This proposal works as those mentioned above, that com-

pute the difference of the average color of the regions, in

their better case: homogeneous regions. However it offers an

advantage since it solves the problem when there is a color

shade. In this case, the average colors along the paths will be

similar between them, meaning that there is a resemblance

in the characteristics of the regions, being irrelevant if they

are not representative of the region’s colors. In addition, it

has the added quality of the less computational cost, because

the number of pixels used to calculate the average is fairly

smaller in the path than in the whole region.

In figure 3 (B) we graphically represent how we calculate

the likeness degree between regions. The green and orange

lines represent an upper sight of the fuzzy sets R̃s and R̃t

respectively, whereas in red color can be observed the upper

sight of their intersection. Green and orange circles mark

the position of the seed points of both regions, rs and rt,

and blue circle highlights the position of pInt. The black

lines represent the sub-paths, πrspInt
and πrtpInt

, joining

pInt with the seeds of R̃s and R̃t, respectively. Our proposal,

in equation 2, is to calculate and compare the average color

along these two paths.

C. Fuzzy Resemblance between Regions

In this section we propose a resemblance measure, consi-

dering its later use to obtain a criteria (similarity relation) to

compute the nested hierarchy of fuzzy segmentations through

region merging. Intuitively, two regions should be merged

when the transition between them is soft and they are alike
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Fig. 3. A: Outline view of two fuzzy regions and representation of the fuzz
value used to measure the imprecision in the transition between them. B:
Upper view of two fuzzy regions and calculation of the alike degree between
the characteristics of the regions.

in their characteristics. This idea involves the conjunction

of both values, which in the Fuzzy Logic field directly lead

to think on fuzzy conjunctions, among which we find the t-
norms. These are functions, ⊗ : [0, 1]× [0, 1] → [0, 1], which

naturally fits what we are looking for.

Among the existing t-norms we propose to use the mi-

nimum to combine fuzz and par values. The advantage of

using this t-norm is that with it we obtain the highest value

as possible, so we are calculating the “best” of the possible

resemblances, getting the maximum resemblance we can find

between both fuzzy regions.

With it, the fuzzy resemblance between regions is defined

as follows:

Definition 3.1: The fuzzy resemblance relation

Res
Θ̃

between two fuzzy regions in R̃s, R̃t ∈ Θ̃,

Res
Θ̃

: Θ̃ × Θ̃ → [0, 1] is

Res
Θ̃

(R̃s, R̃t) = min{fuzz(R̃s, R̃t), par(R̃s, R̃t)} (3)

This resemblance relation is reflexive and symme-

tric: verifies that ∀R̃s ∈ Θ̃, Res
Θ̃

(R̃s, R̃s) = 1

and Res
Θ̃
(R̃s, R̃t) = Res

Θ̃
(R̃t, R̃s) ∀R̃s, R̃t ∈ Θ̃.

However this relation, in general, is not max-min

transitive; i.e, not always verifies Res
Θ̃

(R̃s, R̃t) ≥

max
R̃n∈Θ̃

{min(Res
Θ̃
(R̃s, R̃n), Res

Θ̃
(R̃n, R̃t))}.

This is why, in next section, we propose to obtain a fuzzy

similarity relation that do verifies this property, from the

proposed resemblance relation.

D. Fuzzy Similarity Measure between Regions

Here we will note the fuzzy similarity relation we look for

as Sim
Θ̃

. To obtain Sim
Θ̃

from Res
Θ̃

it can be applied any

of the existing procedures [45], [46]. The algorithm III-D

shows the algorithm proposed by Kandel et al. [45], whose

efficiency order is O(m3), since for each couple of regions

must be checked wether their similarity is higher through a

third region.

Algorithm III-D: to Obtain a Fuzzy Similarity Relation

Input:

• Image I with size N × M = n.

• Set of fuzzy regions in the initial fuzzy segmentation

Θ̃ = {R̃1, R̃2, . . . R̃m}.

Notation:

• MA : Adjacency matrix with the resemblance values

between R̃s and R̃t in the position (s,t).

1) Calculation of Res
Θ̃

:

For each fuzzy region R̃s, s ∈ {1, . . . ,m}

• For each fuzzy region R̃t, s ≤ t < m

– MA(s,t) = Res
Θ̃
(R̃s, R̃t)

2) Calculation of Sim
Θ̃

:

For each s ∈ {1, . . . ,m}

• For each t ∈ {1, . . . ,m}

– If MA(s, t) > 0

∗ For each u ∈ {1, . . . ,m}

1) MA(t,u) =

max {MA(t, u),min {MA(t, s),MA(s, u)}}
2) MA(u,t) = MA(t,u)

The similarity relation obtained as in algorithm III-D is

a fuzzy equivalence relation. Therefore, form each α-cut we

can obtain a hierarchy level: each α-cut is a crisp equivalence

relation; i.e., a crisp set of regions where each region is

obtained merging the regions in the same equivalence class.

Hence we have one equivalence class for each set of regions

whose similarity is higher or equal to the chosen α.

IV. HIERARCHY OF FUZZY SEGMENTATIONS

In the introduction if this paper we mentioned that the

hierarchical segmentations offer as a result of each level a

set of regions that is included in the next one [26], [47], [32].

Formalizing this condition and extending it to the fuzzy case,

we propose the following definition:

Definition 4.1: A Hierarchy of fuzzy segmentations for a

given image I, is a set, H
Θ̃

, of fuzzy image segmentations,

H
Θ̃

= {Θ̃1, . . . , Θ̃d}, such that the set of regions in the

segmentation of a given level, Θ̃i, is included in the next

level segmentation, Θ̃i+1, considering the inclusion in the

sense of the less degree; i.e., given R̃i
s ∈ Θ̃i, R̃i+1

t ∈ Θ̃i+1,

μ
R̃i

s
(p) ≤ μ

R̃
i+1
t

(p) (4)

∀p ∈ I ∀i ∈ {1 . . . d − 1}.

In this section, given the initial fuzzy segmentation Θ̃ and

once computed the similarity relation, Sim
Θ̃

, we can propose
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a technique to obtain a nested hierarchy of fuzzy segmenta-

tions, H
Θ̃

= {Θ̃1, . . . , Θ̃d} where, as will be explained in

section IV-A, the fuzzy segmentation Θ̃i associated to each

hierarchy detail level i, is obtained from an α-cut in the

similarity relation, that we will note as
(
Sim

Θ̃

)
αi

. This α-

cut gives a crisp equivalence relation that generates the fuzzy

segmentation in that level, Θ̃i = {R̃i
1, . . . , R̃

i
mi

}. In this

segmentation R̃i
k ∈ ℘̃(I) is a fuzzy region, since each region

is calculated merging the regions in the same equivalence

class, as will be shown in section IV-B. In section IV-C we

propose an algorithm summarizing our proposal.

A. Hierarchy Levels

Considering that each α-cut results in a fuzzy segmen-

tation; i.e, a hierarchy level, and α can take any value in

[0, 1], we could obtain an infinite number of hierarchy levels.

Nevertheless not all of them would result in a different

segmentation. Hence, we proposed in [32] to settle the

hierarchy levels to the set of different values that α can take

in Sim
Θ̃

, as in definition 4.2.

Definition 4.2: We define Λ
(
Sim

Θ̃

)
as the set of all the

possible different values of α in Sim
Θ̃

:

Λ
(
Sim

Θ̃

)
=

{
Sim

Θ̃
(R̃s, R̃t)|(R̃s, R̃t) ∈ Θ̃ × Θ̃

}
(5)

So Λ
(
Sim

Θ̃

)
= {α1, . . . , αd}, with α1 = 1 and

αd = min
{

Sim
Θ̃

(
R̃s, R̃t

)
| R̃s, R̃t ∈ Θ̃

}
, with αi >

αi+1 ∀i ∈ {1, . . . , d − 1}.

Given that α indicates the minimum similarity between

regions over which they are merged, when α = 1 only

equal regions will be merged. It implies that this first α-

cut not necessarily coincides with the initial segmentation,

since it is possible that in this segmentation there are regions

with similarity 1, like in over-segmented regions, that in

the first hierarchy level will be merged. As α decreases,

regions will be merged up to reach the minimum similarity

value between regions in the image, αd, that corresponds to

the last hierarchy level where all the regions in the initial

segmentation are merged into a single one.

B. Fuzzy Region Merging

Therefore, for each αi ∈ Λ(Sim
Θ̃
), we obtain a fuzzy

segmentation Θ̃i from the crisp equivalence relation of that

α-cut,

Θ̃/
(
Sim

Θ̃

)
αi

=
{

CΘ̃,αi

1 , . . . , CΘ̃,αi

mi

}

With it, the number of regions in each level is mi =
|Θ̃/

(
Sim

Θ̃

)
αi

| where Θ̃/
(
Sim

Θ̃

)
αi

is the quotient set.

Each fuzzy region, R̃i
k, of this segmentation will be obtained

through the merging of the fuzzy regions from Θ̃ that are in

the same equivalence class, CΘ̃,αi

k of Θ̃/
(
Sim

Θ̃

)
αi

.

As an example, from the quotient set Θ̃/
(
Sim

Θ̃

)
α1

we

obtain the initial fuzzy segmentation Θ̃1, whereas from the

set Θ̃/
(
Sim

Θ̃

)
αd

we obtain the fuzzy segmentation Θ̃d, with

a single region corresponding to the whole image.

Fig. 4. Fuzzy region merging: R̃
s

in green color, R̃
t

in orange and

R̃
s

⋃
R̃

t
in blue.

To perform the merging process of the fuzzy regions in the

same equivalence class, we compute the membership degree

of the pixels to each new fuzzy region, R̃i
k, as the maximum

membership degree of the pixel to the regions to be merged,

the regions in CΘ̃,αi

k , such as indicates the equation 6:

μ
R̃i

k

(pj) = max
R̃i

s∈C
Θ̃,αi
k

{
μ

R̃i
s
(pj)

}
(6)

In figure 4 we show the outline of two fuzzy regions,

R̃s and R̃t, in green and orange colors respectively. With a

blue line we represent the outline of the region resulting of

merging them as in equation 6, R̃s

⋃
R̃t.

Once defined the levels Θ̃i of the hierarchy it is trivial

to demonstrate, with the following proposition, that it is a

nested hierarchy of fuzzy segmentations:

Proposition 4.1: H
Θ̃

is a hierarchy of fuzzy segmenta-

tions. Particularly, for each R̃i
k ∈ Θ̃i with i ∈ {1, . . . , d−1}

exists R̃i+1

l ∈ Θ̃i+1 such that R̃i
k ⊆ ˜Ri+1

l (the inclusion

in the sense of the less degree; i.e, μ
R̃ik

(p) ≤ μ
R̃i+1l

(p)
∀p ∈ I).

C. Algorithm to Calculate the Hierarchy

The algorithm IV-C shows how to implement the construc-

tion of the nested hierarchy of fuzzy segmentation according

to our proposal. This algorithm has three stages:

• In the first step we calculate the similarity between

each couple of regions in the image, with the function

CalculateSimilarity, following any of the existing

procedures ([45] or algorithm III-D). This function uses

the adjacency matrix MA that initially contains in the

position (i, j) the resemblance value between the fuzzy

regions R̃i and R̃j . At the end of the process MA(i, j)
contains the similarity value between that regions.

• Then, in the second step, we obtain the set Λ
(
Sim

Θ̃

)
with the values of α for the different hierarchy levels

by searching in MA for the different similarity values.

• Finally, we calculate the hierarchy by merging in each

level the regions belonging to the same equivalence

class, as in equation 6.

The efficiency order of this algorithm is O(m3), being m
the number of regions, according to the next:

• The algorithm III-D in the first step, as previously seen,

has an efficiency order of O(m3).
• The second step requires to go through the whole

matrix MA looking for the different similarity values,
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therefore, its efficiency order is O(m2). Performing

together the steps one and two we can improve the

efficiency order up to O(m2 · log m).
• The efficiency of the last stage, where the hierarchy is

generated, depends on the number of levels, d, and the

number of regions in each level, mi; and both vales

can be different for different images. Usually a tree

with the structure of the merged regions in each level

is computed, and regions are merged when the fuzzy

segmentation must be generated. The construction of the

tree requires to go through the whole adjacency matrix

(which is O(m2)) once for each level. Since the upper

bound to the number of levels, d, is the initial number of

regions, m, the efficiency order of this step is O(m3).
The calculation of each fuzzy segmentation requires to

go through all the regions, merging those in the same

equivalence class. It means to browse the supports of the

fuzzy sets to be merged that, in the worst case, will be

the whole image. Hence, being n the number of pixels

in the image the computational cost of obtaining the

fuzzy segmentation for a given level is O(m · n).

Algorithm IV-C: to Calculate the Nested Hierarchy H
Θ̃

Input:

• Image I with size N × M = n.

• Set of fuzzy regions in the initial fuzzy segmentation

Θ̃ = {R̃1, R̃2, . . . R̃m}.

Notation:

• MA : Adjacency matrix with the resemblance value

between R̃s and R̃t at the position (s,t).

Algorithm:

1) Calculation of Sim
Θ̃

:

• For each region R̃s, s ∈ {1, . . . ,m}

– For each region R̃t, s ≤ t < m

∗ MA(s,t) = Res
Θ̃
(R̃s, R̃t)

• MA = CalculateSimilarity (MA)

2) Calculation of Λ
(
Sim

Θ̃

)
:

• Λ
(
Sim

Θ̃

)
= {MA(s, t)|s, t ∈ {1..m}}

3) Calculation of H
Θ̃

:

• Initialization

– Θ̃0 = Θ̃
– H

Θ̃
= 


• For each i ∈ Λ {1, . . . , d}

– Θ̃i =
{

CΘ̃,αi

1 , CΘ̃,αi

2 , . . . , CΘ̃,αi
mi

}
– H

Θ̃
= H

Θ̃

⋃ {
Θ̃i

}

Fig. 5. Images A and B show the seed points used to obtain the initial
segmentation if the first column of figures 6 and 7, respectively.

V. RESULTS

In figures 6 and 7 we show the results obtained calculating

the hierarchy of fuzzy segmentations on the images in

figure 5 (A, B), respectively. In the first row of figures 6

and 7 we show the fuzzy segmentation obtained in each

hierarchy level, corresponding to the α-cut indicated on top

of the figure. These representations of the resulting fuzzy

segmentations have been obtained overlapping all the fuzzy

regions in that level using transparency. In this way, the

color of each pixel has been obtained weighting the color

of each fuzzy region it belongs to, with its membership

degree to it. In the same column of each fuzzy segmentation

we separately represent all the regions on it, and with the

black arrows we indicate which fuzzy regions are merged

to obtain each new level. The representation of each fuzzy

region indicates the membership degree with the intensity of

the color: maximum intensity means membership 1, while

black indicates membership 0.

In these two figures we observe that the lower levels

of the hierarchy have a great number of small regions,

which are merged with high similarity degrees, around 0.7.

This merging process goes on until the different regions

representing the same object in the image are shaped, like

the cup in figure 6 or the four big regions in the sun shine in

figure 7. From this point on, big and unlike regions start the

merge, so the α value with which these levels are obtained

show a drastic decrease. It takes values around 0.4 in figure 6,

where regions merged (cup contents, cup and background)

are quite different, and around 0.6 in figure 7, where the

background parts and the sunshine are less different.

As can be seen this hierarchical technique can be used, not

only to analyze a given image with several detail levels, but

also to solve over-segmentation problems, since lets us find

levels in the hierarchy where the fuzzy regions corresponding

to a given region in the image (like the cup and the sunshine

in figures 6 and 7) are merged together into a single region.

VI. CONCLUSIONS

In this paper we have proposed a fuzzy resemblance rela-

tion between regions whose calculation considers the likeness

degree between the regions as well as the characteristics of

the transition between them, dealing with the imprecision and

solving the problem of other proposals that only consider one

of these criteria and fail when regions are blurred, or have

color shades or brightness. To calculate these criteria we have

used the results of a initial fuzzy path-based segmentation.
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Fig. 6. First row: Fuzzy segmentation for each hierarchy level, consisting on
the fuzzy regions in the column below it. On top of each fuzzy segmentation
we indicate the α value of the α-cut that generates it.

Fig. 7. First row: Fuzzy segmentation for each hierarchy level, consisting on
the fuzzy regions in the column below it. On top of each fuzzy segmentation
we indicate the α value of the α-cut that generates it.

With this resemblance measure we have calculated a fuzzy

similarity relation that we use to obtain a nested hierarchy

of fuzzy segmentations. This similarity relation, and the

hierarchy obtained with it, is a useful tool to jointly consider

all the detail levels of the image, and work easily with them

since, given a initial segmentation of it, it is enough with

changing the value α to perform an α-cut in the similarity

relation and obtain a new fuzzy segmentation of the image,

with different detail level.

In addition, our hierarchical proposal can be used to solve

over-segmentation problems, since it is possible to find in

the hierarchy a level where all the fuzzy regions of a given

region in the image have been merged together.
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[32] B. Prados-Suárez, “Desarrollo de modelos para la segmentación difusa
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