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ABSTRACT

In this work we address the multispectral image classification prob-
lem from a Bayesian perspective. We develop an algorithm which
utilizes the logistic regression function as the observation model in a
probabilistic framework, Super-Gaussian (SG) priors which promote
sparsity on the adaptive coefficients, and Variational inference to ob-
tain estimates of all the model unknowns. The proposed algorithm is
validated on both synthetic and real experiments and compared with
other state-of-the-art methods, such as Support Vector Machine and
Gaussian Processes, demonstrating its improved performance.

Index Terms— Image Classification, Bayes Methods, Inference
Algorithms.

1. INTRODUCTION

Remote sensing images are of great interest in numerous applica-
tions such as map drawing, delimitation of parcels, studies on hy-
drology and forest or agriculture [1–3]. Many of these applications
involve the classification of pixels in an image into a number of
classes. In the multispectral image classification problem, an ex-
pert provides the labels of a small set of pixels to train a classifier,
which estimates the labels for the remaining pixels automatically.

Kernel based classification methods such as Support Vector Ma-
chine (SVM) or Gaussian Processes (GP) currently represent the
state of the art for this task. For a two-class classification problem,
SVM finds the maximum margin decision boundary between both
classes [4, 5]. This method depends on a set of parameters which
must be estimated using cross-validation. This has two drawbacks:
first, the parameter estimation does not lead to a reliable estimation
when the training set is small, and second, cross-validation implies
a grid search, and therefore, a high computational cost. On the other
hand, GP are also capable of estimating non-linear decision bound-
aries using kernel functions and inferring the required parameters
automatically [6–8]. However, during the training phase, it is neces-
sary to invert anN ×N matrix (whereN is the number of samples),
which is very inefficient for large datasets. Some approaches such
as GP Latent Variable Models [9] tackle this problem; however, they
are still inefficient in applications with limited training time.

These reasons make SVM and GP unsuited for developing real-
time applications, so simpler classifiers such as Logistic Regression
(LR) are preferred for this purpose. See, for instance, the implemen-
tation for hyperspectral image classification in [10], or crash risk
prediction model in [11].
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Logistic Regression models the probability of belonging to a
class with a sigmoidal function of a linear combination of the fea-
tures pondered by a set of weights, called adaptive coefficients, that
is,

p(y(x)|w) =

(
1

1 + e−wTx

)y (
1

1 + ewTx

)1−y

(1)

where x ∈ RM , is a feature vector whose first component we as-
sumed equal to 1 to consider the bias of the model, y(x) ∈ {0, 1}
is its corresponding label, and w ∈ RM is the vector of adaptive
coefficients to be estimated.

A penalty function on w is frenquently considered. From a
Bayesian perspective [12, 13], this is equivalent to adding a prior
distribution on w. Perhaps, the most widely used penalty term is a
quadratic function (ridge regression) [14], which forces the coeffi-
cients to be close to zero. To impose higher sparsity, other authors
use the `p pseudonorms with 0 < p ≤ 1. For instance, in [15] `1 reg-
ularization, also called LASSO, is used for fMRI data classification,
and in [16] a Bayesian framework is used for softmax classification,
with an `p pseudonorm-based prior to classify multispectral images.

Notice that when an adaptive coefficient is 0, the corresponding
feature in the samples becomes irrelevant for classification, there-
fore, if sparsity is imposed on the adaptive coefficients, the non-zero
entries of w represent the useful features for classification [17].

A prior distribution is considered sparse when it is Super-
Gaussian [18], i.e., it has heavier tails than the Gaussian distribution,
it is more peaked, and it has excess kurtosis. As detailed in [19],
these distributions are sparse because most of the distribution mass
is located around zero (hence strongly favoring zero values), but
the probability of occurrence of large values is higher compared to
the Gaussian distribution. SG priors have been used in other image
processing problems such as blind image deconvolution [19, 20], or
face recognition [21].

In this work we address multispectral image classification utiliz-
ing SG priors which provide a general formulation for sparse priors,
some of them such as `1 or `p have been previously studied in the
literature, but the SG formulation allow us to use new priors such
as log or the bottom-up approximation. We also use a complete
Bayesian framework for modeling and variational inference, which
generalizes other inferences methods proposed in the literature, such
as Maximum a Posteriori (MAP).

The paper is organized as follows. In section 2 we model the
multispectral image classification problem from a Bayesian perspec-
tive using Super-Gaussian priors. In section 3 variational inference
is used to derive an algorithm to estimate all the model unknowns.
In section 4 we evaluate the proposed method on both synthetic and
real experiments and compare it with SVM and GP. Finally, section
5 concludes the paper.



2. BAYESIAN MODELING

To perform Bayesian inference we assume that we already have the
classification labels yj = y(xj) associated with the feature samples
xj , j = 1, . . . , N . Then we write

p(y|w) =

N∏
j=1

p(yj |w), (2)

where y is an N × 1 vector with its jth component yj and p(yj |w)
has been defined in Eq. (1).

We use the following prior model for w

p(w) ∝ exp

(
−

M∑
i=1

ρ(wi)

)
, (3)

where w = (w1, . . . , wM )T and ρ(·) is a sparsity promoting func-
tion.

We consider even functions ρ(·) associated with SG distribu-
tions, see [19]. The function ρ(

√
s) has to be increasing and con-

cave for s ∈ (0,∞) [18]. This condition is equivalent to ρ′(s)/s
being decreasing on (0,∞), that is, for s1 ≥ s2 ≥ 0, ρ′(s1)/s1 ≤
ρ′(s2)/s2. If this condition is satisfied, then ρ(·) can be represented
as (using [22, Ch. 12]),

ρ (s) = inf
ξ>0
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2
ξ s2 − ρ∗

(
1

2
ξ

)
, (4)

where ρ∗ (ξ) is the concave conjugate of ρ(
√
s) and ξ is a variational

parameter. The relationship dual to (4) is given by [22],

ρ∗
(

1

2
ξ

)
= inf

s

1

2
ξ s2 − ρ(s) . (5)

Equality in (4) is obtained at the optimal values of ξ, which are com-
puted from the dual representation (5) by taking the derivative with
respect to s and setting it to zero, which gives ξ = ρ′(s)/s. In Fig.
1 we plot some examples of the ρ function which will be used in the
experimental section. The exact form of these functions is shown in
Table 1.

Finally, we have the following global model

p(w,y) = p(y|w)p(w). (6)

Table 1. Super-Gaussian priors.
Prior ρ(s) ρ′(s)/s

Gaussian s2/2 1
log log|s| 1/|s|2
`p |s|p/p 1/|s|p−2

exp −σ exp(−s2/2σ) exp(−s2/2σ)
n-exp −σ exp(−|s|n/nσ) |s|n−2 exp(−|s|n/nσ)
BU − 1/(1 + exp(µs2))

MoG − log
∑
k akNs(0, σk)

∑
k ak/σ

2
kNs(0,σk)∑

k akNs(0,σk)

3. VARIATIONAL BAYESIAN INFERENCE

The Bayesian paradigm dictates that inference on w should be based
on p(w|y). However, p(w|y) cannot be found in closed form.
Therefore, we apply variational methods to approximate this pos-
terior distribution by q(w). The variational criterion used to find
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Fig. 1. Set of considered ρ(s) functions from Table 1.

q(w) is the minimization of the Kullback-Leibler (KL) divergence,
given by

KL(q(w)‖p(w|y)) =

∫
q(w) log

(
q(w)

p(w|y)

)
dw

= C +

∫
q(w) log

(
q(w)

p(w,y)

)
dw. (7)

Unfortunately, due to the form of the prior and the observation
models defined in (3) and (2) respectively, the integral above cannot
be calculated. To solve this problem we find a lower bound for the
distribution p(w,y) with a function which renders the calculation
of KL(q(w) ‖ p(w|y)) possible when p(w,y) is replaced by such
a function.

For the prior in Eq. (3) we have

p(w) ≥ C′ exp

[
−

M∑
i=1

(
1

2
ξiw

2
i − ρ∗(

1

2
ξi)

)]
= M(w, ξ). (8)

where ξ = (ξ1, . . . , ξM ), and C′ is a constant.
In order to obtain a lower bound on p(y|w) we follow [23] and

apply the variational bound to the sigmoid function. We have

log p(y|w) =

N∑
j=1

log p(yj |w) ≥ logH(w,γ,y), (9)

where

logH(w,γ,y) =

N∑
j=1

{
yjw

Txj − λ(γj)((w
Txj)

2 − γ2
j )

−wTxj − γj
2

− log(1 + eγj )

}
, (10)

where γ = (γ1, . . . , γN ) and γj ∈ R+ with λ(γj) = 1
2γj

( 1

1+e
−γj

− 1
2
) .
Using the lower bounds in Eqs. (8) and (9), the joint distribution

is bounded below by

p(w,y) ≥M(w, ξ)H(w,γ,y) = F(ξ,γ,w,y) . (11)

We replace p(w,y) by this lower bound in Eq. (7). Then we
have that q(w) is a Gaussian distribution with mean and covariance
matrix given by

Σ−1
w = Ξ + 2

N∑
j=1

λ(γj)xjx
T
j , (12)

<w> = Σw

N∑
j=1

(yj −
1

2
)xj ,



with Ξ = diag(ξi), i = 1, . . . ,M .
The update of the auxiliary vectors ξ and γ is given by

ξ̂ = arg max
ξ

< logF(ξ,γ,w,y)>q(w) (13)

γ̂ = arg max
γ

< logF(ξ,γ,w,y)>q(w) (14)

which produces

ξ̂i =
ρ′(
√
<w2

i>)√
<w2

i>
(15)

where <w2
i> = <wi>

2 + Σw(i, i) and

γ̂j =
√
<(wTxj)2> =

√
(<w>Txj)2 + xT

j Σwxj . (16)

The above inference leads to a learning procedure which is sum-
marized in Algorithm 1.

Notice that to estimate q(w), ξ and γ we do not need to know
the explicit form of ρ. This leads to the “bottom up” (BU) approach
[19, 20], where instead of explicitly defining ρ, we replace ρ′(s)/s
in the estimation of ξ, by any function decreasing on (0,∞).

At convergence, Algorithm 1 estimates all the parameters, in-
cluding the distribution of the adaptive coefficients wi. The point
estimates of the adaptive coefficient vector are given by <w> in
Eq. (12). Given a new sample x∗ (whose first component is equal to
1), we utilize as predictive distribution of the classes

p(C1|x∗) =
1

1 + e−<w>T x∗ ,

p(C0|x∗) = 1− p(C1|x∗). (17)

Algorithm 1 Learning Procedure

Require: γ0
j = 1, j = 1, . . . , N , ξ0i = 1, i = 1, . . . ,M .

1: repeat
2: Calculate qn+1(w) using Eq. (12).
3: Update ξn+1

i using Eq. (15).
4: Update γn+1

j using Eq. (16).
5: until convergence

4. EXPERIMENTAL RESULTS

We now present a series of synthetic and real image classification
experiments that empirically show the benefits of using SG sparse-
promoting priors.

For both experiments the SG penalty functions in Table 1 were
used. For the “bottom-up” approach, we selected a function used
in face recognition [21] which obtained good results. The proposed
methods are compared with standard LR, and two state-of-the-art
methods: SVM [5] and GP [7].

We now present an enumeration of the tested parameters:
Gaussian, log, standard LR and GP (with Gaussian kernel) re-
quire no parameters; `p with p = {0.02, 0.25, 0.5, 0.75, 1}; exp
with σ = {0.5, 1, 2, 3}; n-exp loops over the same σ values with
n = {0.02, 0.2, 0.5}; BU with µ = {10−4, 10−3, 10−2, 10−1, 1};
MoG1 with a = {0.2, 0.5, 0.8} and σ = 2; for SVM we use the
Gaussian kernel with length-scale ls = {0.04, 0.1, 0.2, 1, 2, 10}.

1The MoG model we selected consists of a mixture of two Gaussians.
The first one with the parameters exposed in the main text and a second with
a very small standard deviation, σ = 10−8, and weight 1− a. This mixture
simulates a Spike and Slab model [24].

All algorithms were implemented in MATLAB c©, and run on an
Intel i7-4702MQ @ 2.20 GHz processor.

4.1. Synthetic data

We create a synthetic multispectral image that consists of a collec-
tion of 5 bands, only two of which contain relevant information for
classification. The image is divided in 2 vertical rectangles, one for
each class, whose pixels are realizations from independent Gaus-
sian distributions with means µ1 = (0.8, 0.5, 0.2, 0.5, 0.5)T and
µ2 = (0.2, 0.5, 0.8, 0.5, 0.5)T, respectively. Assuming indepen-
dence between the bands, we use a small standard deviation σ = 0.2
to generate relevant bands (1, 3), and higher deviation σ = 0.5 for
the no relevant ones (2, 4, 5).

The experiment is repeated 10 times with 10 different training
sets, each with 20 samples, 10 from each class. As accuracy mea-
sure, we use the overall accuracy (OA) over a fixed and balanced test
set of 500 samples.

Figure 2 shows the mean OA over the 10 realizations of each
experiment for the parameter which gave the best performance; for
example, the yellow bar, SVM, corresponds to the mean OA with
parameter ls = 0.2. We can draw three important conclusions: first,
standard logistic regression offers, as expected, the worst perfor-
mance among the tested algorithms; secondly, the gaussian is sur-
passed by other more sparse-promoting priors, such as log, `p with
p = 1, and n-exp (n = 0.5, σ = 2); finally, the figure provides ev-
idence of the advantages of the proposed method against SVM and
GP which perform relatively poorly due to the presence of uninfor-
mative bands.

Regarding the estimated weights w, Fig. 3 shows that the SG
priors successfully discard the noise bands, assigning high values to
w2 and w4, the red and blue bands, but very low values to the other
coefficients (again w1 represents the bias). Notice that although the
adaptive coefficient vector for LR is sparser than for BU or MoG, it
obtains lower OA. This is due to the fact that LR does not consider
any regularization and since the training set is small, LR is overfitting
the data.

Eventually, the mean computational time was between 4 ms for
BU, and MoG, and 151 ms for n-exp. The computational time for
SVM and GP was 5 ms and 22 ms, respectively. Although SVM
and GP seem to be faster than the proposed methods, it is due to the
small number of samples in the training set.

4.2. Real data

For the second experiment, the proposed method was evaluated on
two real multispectral images. They show the cities of Rome and
Naples and were acquired by ERS2 SAR and Landsat sensors in
1995 in the context of the Urban Expansion Monitoring project [25].
The goal in this classification problem is to distinguish between ur-
ban (class C1) and non-urban (class C0) pixels. Both images are
composed of 11 bands, where bands 1 and 2 represent the SAR
backscattering intensities captured with a gap of 35 days; band 3
is the correlation between them, which is called the interferomet-
ric coherence; bands 4-10 are the 7 multispectral bands of Landsat
TM sensor; and band 11 is a filtered version of the interferomet-
ric coherence, obtained with the method proposed in [25] which has
been demonstrated to be very useful to distinguish between urban
and non-urban pixels.

The methods described above were evaluated on each image in-
dependently. For each image we select 500 samples for training (250
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Fig. 3. Adaptive coefficients for different methods in a realization of
the synthetic experiment.

for each class) and 10000 test samples (5000 for each class). To ob-
tain unbiased results the experiment is repeated 10 times with differ-
ent training sets.

In Fig. 4 we show the mean OA over 10 realizations on both
images, for each method (optimal parameter). On “Rome95” the ob-
tained mean OAs were 95.73%, 96.57%, 96.53%, 96.24%, 96.25%,
96.22% and 96.27%, for Gaussian, log, `p, exp, nexp, BU and MoG,
respectively. In this case, log outperforms the other proposed meth-
ods. Standard LR obtains a 95.09% mean OA. However, although
all LR methods surpassed 95%, in this case, SVM and GP performed
better, obtaining 97.09% and 96.88% mean OA, respectively. This
is due to the SVM and GP decision boundaries which are non-linear,
and therefore, provide a better separation between classes.

For the “Naples95” image the obtained mean OAs were 96.03%,
96.83%, 97.00%, 96.49%, 96.38%, 97.00% and 96.52%, for Gaus-
sian, log, `p, exp, nexp, BU and MoG, respectively, whereas standard
LR, SVM and GP obtained 94.86%, 96.73% and 96.85% mean OA,
respectively. In this case, log, `p and BU, performed better than the
state-of-the-arts methods. The reason for this is simple: some bands
whose coefficients were set to zero by the proposed algorithms may
contain confusing and irrelevant information for a classifier, which
results in lower performance for SVM and GP, which consider all
bands. Therefore, in some cases, algorithms which can disregard ir-
relevant information can be more useful than methods that produce
non-linear decision boundaries.

Regarding the most relevant bands for classification, Fig. 5
shows the adaptive coefficients for the proposed methods and stan-
dard Logistic Regression for realization 2 of the experiment with
the “Naples95” image. We can see that standard LR, Gaussian and
MoG obtain the least sparse adaptive coefficient vectors, which coin-
cides with the lowest OA obtained by LR methods. We also see that
all methods share 3 non-zero bands: the correlation between SAR
bands, the Landsat TM band corresponding to the blue band and the
filtered coherence.

The highest computational time was reached by log (170 ms);
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Fig. 4. Overall accuracy for different classification methods on
“Rome95” and “Naples95” images.
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Fig. 5. Adaptive coefficients for different methods in a realization of
“Naples95”.

however, the remaining methods were between 10 ms (gaussian) and
19 ms (TV). The computational times for SVM and GP were 93 ms
and 12× 103 ms, respectively.

From this experiment we can conclude that the proposed meth-
ods perform well in multispectral classification problems. Moreover,
they can identify the most relevant bands for classification and dis-
card useless information. We also observed that depending on the
input image, other classifiers such as SVM or GP can perform bet-
ter, but at the expense of higher computational cost, which makes
the proposed methods a good choice for developing real-time appli-
cations.

5. CONCLUSIONS

In this work we addressed the multispectral image classification
problem from a Bayesian perspective. The likelihood function mod-
els a Logistic Regression classifier, where the adaptive coefficients
must be estimated. Following the Bayesian paradigm we used
a general representation of sparse distributions known as Super-
Gaussians. These prior models promote sparsity, which allows us
to identify the non-relevant features for classification. Using varia-
tional inference we developed an iterative algorithm which estimates
the adaptive coefficients. These coefficients were used to calculate
the probability of a sample belonging to a class. In the experimental
section, the proposed method was validated on both, synthetic and
real experiments. Furthermore, it was compared with state-of-the-art
methods such as SVM and GP, achieving comparable performance
with lower computational cost.
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