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University of Granada, E-18071 Granada, Spain

{casillas,ocordon,herrera}@decsai.ugr.es

Abstract

In system modeling with Fuzzy Rule-Based Systems (FRBSs), we may usually
find two contradictory requirements, the interpretability and the accuracy of the
model obtained. As known, Linguistic Modeling (LM)—where the main require-
ment is the interpretability—is developed by linguistic FRBSs, while Fuzzy Modeling
(FM)—where the main requirement is the accuracy—is developed, among others, by
approximate FRBSs. Whilst the fact of making linguistic FRBSs be highly inter-
pretable involves establishing hard restrictions to the rule structure (due to the use
of a global semantic) thus losing flexibility, relaxing such restrictions, as approximate
FRBSs do (using a local semantic), can make more flexible models to be obtained
but losing their interpretability.

The main objective of this contribution it to carry out a comparative analysis
between LM and FM beyond the classical approach resigned to simply consider LM
with a good interpretability but a bad accuracy. Some possibilities to significantly
improve the precision of the linguistic models keeping good legibility will be intro-
duced under the assumption that better accuracy could be obtained looking for a
good balance between model flexibility and modeling simplicity.

The good performance of such improvements opposite to FM will be shown by
means of a wide experimental study applying fourteen different learning methods,
carefully selected, to four modeling problems with different nature.

Keywords: Linguistic Modeling, Fuzzy Modeling, linguistic and approximate
Fuzzy Rule-Based Systems, learning, tuning, linguistic hedges, in-
consistent rules, weighted rules
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1 Introduction

Fuzzy Rule-Based Systems (FRBSs) constitute an extension of classical Rule-Based Systems,
because they deal with IF-THEN rules where antecedents and/or consequents are composed
of Fuzzy Logic statements, instead of Classical Logic rules. This consideration presents two
essential advantages: the key features of knowledge captured by fuzzy sets involve handling
uncertainty, and inference methods become more robust and flexible with approximate reasoning
methods of Fuzzy Logic.

One of the most usual applications of FRBSs is system modeling [3, 27], which in this field
may be considered as an approach used to model a system making use of a descriptive language
based on Fuzzy Logic with fuzzy predicates [31]. In this kind of modeling we may usually find
two contradictory requirements, the interpretability and the accuracy of the model obtained. As
known, traditionally, two main areas have been distinguished in system modeling with FRBSs:
Linguistic Modeling (LM) and Fuzzy Modeling (FM). While the main requirement of the former
is to obtain highly interpretable models, the latter is concerned with obtaining highly accurate
models (losing descriptive power if necessary).

LM is developed by means of linguistic FRBSs (also known as Mamdani-type FRBS), which
use fuzzy rules composed of linguistic variables [37] that take values in a term set with a real-
world meaning, thus the linguistic model consists of a set of linguistic descriptions regarding
the behavior of the system being modeled [31]. Opposite to it, FM is mainly put into effect by
means of approximate FRBSs [1, 3, 6, 11, 13] or Takagi-Sugeno-Kang (TSK) FRBSs [29, 32].
These kinds of FRBSs aim at increasing the system accuracy making more flexible the model
structure at the expense of losing interpretability. To do so, the former ones consider systems
where the variables forming the rules do not take as a value a linguistic term with a fuzzy set
associated but directly a fuzzy set. On the other hand, TSK FRBSs consider a rule structure
where the consequent is a non interpretable but flexible linear combination of the inputs. In
this contribution, only FM developed by approximate FRBSs will be considered.

Although approximate FRBSs are more flexible than linguistic ones, this does not always
entail to obtain more accurate results since this freedom makes more difficult to accomplish the
modeling process. Therefore, the main point in system modeling should not be as the capability
of the model structure as the capability of generating the model. From this point of view, a
trade-off between the freedom of the model and the good performance of the learning process
would provide better behavior.

Improvements in the LM making more flexible the learning process and/or the rule structure
can significantly increase the accuracy of the obtained model with a slight description loss.
Taking into account such considerations, the following question arise:

Can LM be as accurate as FM without losing its description to a high degree?

The proposal of this contribution will be to answer this question showing possible improve-
ments of LM and performing a wide experimental study to analyze the behavior of LM, improved
LM, and FM facing different situations.

To do so, the paper is organized as follows. In Section 2, linguistic and approximate FRBSs
to respectively develop LM and FM will be introduced, and a contrasted analysis of them will be
performed. Section 3 will be devoted to introduce some approaches to improve LM increasing
the system accuracy, considering the interpretability loss entailed by each of them. In Section 4,
an experimental study will be performed applying some specific learning methods to the solving
of four different problems. Finally, some interesting conclusions suggested along the paper will
be pointed out in Section 5. The learning methods and problems considered in the study will
be described in Appendices A and B, respectively.
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2 Linguistic Modeling vs Fuzzy Modeling

Different FRBS types are used depending on the modeling kind considered. Some of the most
usual for LM and FM are respectively linguistic and approximate FRBSs. These will be described
in the following subsection. After that, an analysis on both modeling approaches will be made.

2.1 FRBSs Used To Develop Linguistic and Fuzzy Modeling

Following, linguistic and approximate FRBSs considered in LM and FM respectively will be
introduced.

• LM based on Fuzzy Logic is considered as a system model constituting a linguistic descrip-
tion, being put into effect by means of a linguistic FRBS (also known as Mamdani-type
FRBS). Thereby the concept of linguistic variable [37] plays a central role. A crucial reason
why the linguistic rule-based approach is worth considering is that it may remain verbally
interpretable. Linguistic FRBSs are formed by linguistic rules with the following structure:

IF X1 is A1 and . . . and Xn is An
THEN Y1 is B1 and . . . and Ym is Bm ,

with Xi and Yj being input and output linguistic variables respectively, and with Ai and Bj
being linguistic labels with fuzzy sets associated defining their meaning. These linguistic
labels will be taken from a global semantic defining the set of possible fuzzy sets used for
each variable (Figure 1 shows an example of a fuzzy partition with triangular membership
functions). This structure provides a natural framework to include expert knowledge in
the form of fuzzy rules.

S M L VLVS

0.5

l r

Figure 1: Graphical representation of an example of the semantic considered for a variable,
standing S for small, M for medium, L for large, V for very, and E for extremely, being [l, r]
the corresponding variable domain

• On the contrary, FM has the ability of obtaining more flexible models thanks to being
able to describe the system behavior without considering a good understanding. In this
field, we can mainly found two kinds of FRBSs: the approximate FRBS [1, 3, 6, 11, 13]
and the TSK FRBS [29, 32]. In this contribution, we will only focus on FM developed by
approximate FRBSs.

The approximate FRBS differs from the linguistic one in the direct use of fuzzy variables.
Each fuzzy rule thus presents its own semantic, i.e., the variables take different fuzzy sets
as values and not linguistic terms from a global term set. For this reason, we could re-
spectively name linguistic and approximate FRBSs as global-semantic and local-semantic
FRBSs. Since no global semantic is used in approximate FRBSs, fuzzy sets can not be
interpreted. The fuzzy rule structure is as follows:
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IF X1 is ̂A1 and . . . and Xn is ̂An

THEN Y1 is ̂B1 and . . . and Ym is ̂Bm ,

with ̂Ai and ̂Bj being fuzzy sets without a direct linguistic interpretation.

2.2 Linguistic or Fuzzy Modeling: Interpretability or Flexibility

Figure 2 illustrates the said FRBSs considered in the system modeling field. As shown, FRBS
kinds have different interpretability and flexibility degrees according to the rule structure em-
ployed. The fact of making the model obtained by a linguistic FRBS be highly interpretable
involves establishing hard restrictions to the rule structure thus losing flexibility [4]. On the
contrary, relaxing such restrictions as approximate FRBSs do allows more flexible models to be
obtained but losing their interpretability.

Approximate FRBS

X i
is A i

THEN Y isIF Bj j

Linguistic Modeling

isA i
THEN YjX i

isIF B j

Linguistic FRBS

-
+ flexible

interpretable

+
- flexible

interpretable

Fuzzy Modeling

Figure 2: System modeling, interpretability and flexibility depending on the FRBS considered

The flexibility in a modeling process indicates the potential capability of approaching the
problem being solved. However, it does not always entail to obtain accurate results since this
freedom is a double-edge sword. A greater flexibility give approximation capability to the model
obtained but both the complexity to accomplish the modeling process and the risk of overfitting
the problem (excessive approximation degree with bad prediction capability) grow.

Therefore, the main point in system modeling should not be as the capability of the model
as the capability of generating the model.

What good is the flexibility of the model if the learning process has difficulties to profit
from it?

Indeed, greater flexibility does not mean greater accuracy and a trade-off between the freedom
of the model structure (model flexibility) and the good performance of the learning process
(modeling simplicity) would provide better behavior (accuracy, see Figure 3). The easier the
problem, the closer to LM this trade-off, and, similarly, the more complex the problem, the closer
to FM the trade-off. To address this balance, either improvement in LM can be accomplished to
make more flexible the learning and/or the model structure, or constrains in the learning process
for FM can be made. In fact, the latter possibility has been analyzed in [1] for approximate
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FRBSs, verifying that, in practice, best results are obtained when soft constrains (such as
variation intervals for the fuzzy sets) are imposed to the learning process.

Linguistic Modeling

Fuzzy Modeling

trade-off accuracy

Lesser flexibility imposing constraints

Greater flexibility using improved LM
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Figure 3: A trade-off between model flexibility and modeling simplicity would provide better
accuracy

If the said trade-off is achieved starting from LM, more interpretable models will be obtained
than starting from FM. Therefore, it seems to be very interesting to face the system modeling
attempting to improve, as much as possible, LM accuracy without losing its description to a
high degree. To put this into effect, some improvements performed on LM will be introduced
in the following section. After that, experimental studies will be made in Section 4 comparing
LM, improved LM, and FM to corroborate such hypotheses.

3 Improving Linguistic Modeling

As has been shown in Section 2, LM performed by linguistic FRBSs is very inflexible due to
the use of a global semantic. However, it is possible to make some considerations to face this
drawback. Basically two ways of improving LM can be considered performing the improvement
in

• the learning process, giving more freedom to the learning by using a tuning process, or in

• the rule structure, slightly changing the rule structure to increase the accuracy.

Usually, all these improvements have the final goal of enhancing the interpolative reasoning
the FRBS develops. This is one of the most interesting features of FRBSs and plays a key role
in their high performance, being a consequence of the cooperative action of the linguistic rules.

In the following subsections, some examples of such improvements will be introduced, dis-
cussing later the interpretability of every approach.

3.1 Improving Linguistic Modeling Giving More Freedom Degrees By a Tun-
ing Process

Improvements in the linguistic model learning process can be performed allowing it to have more
freedom degrees different from the usually considered. In the last few years, many approaches
have been presented to automatically learn the Rule Base (RB)—constituted by the collection of
linguistic rules themselves joined by means of the connective also—from numerical information
(input-output data pairs representing the system behavior) [2]. However, there is not much
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information about the way to derive the Data Base (DB)—containing the term sets and the
membership functions defining their semantics—and most of these RB learning methods need
of the existence of a previous definition for it.

A common way to proceed involves considering uniform fuzzy partitions for all the linguistic
variables existing in the problem. However, this operation mode makes the DB have a significant
influence on the FRBS performance. This is why some proposals try to adjust the membership
functions involved in the variable fuzzy partitions, which is known as tuning process. A taxonomy
of this process can be made from two different angles:

• From the effect generated in the membership function shapes point of view (i.e., how to
tune such membership functions), the most usual ways are the following:

– Changing the basic parameters defining the membership functions [5, 11, 19, 20, 21,
22, 30, 34]. One of the most common ways of tuning the membership functions is to
change the basic parameters defining such functions. For example, if the following
triangular-shape membership function is considered:

µ(x) =















x−a
b−a , if a ≤ x < b
c−x
c−b , if b ≤ x ≤ c ,

0, otherwise

changing the basic parameters—a, b, and c—will vary the shape of the fuzzy set
associated to the membership function (see Figure 4(a)), thus influencing the FRBS
performance.

– Changing additional membership function parameters [9, 16]. Sometimes, more flex-
ible alternative expressions for the membership functions are considered to vary the
compatibility degree to the fuzzy sets (since it also involves a different rule structure,
these new expressions will be wider analyzed in next section). For example, a new
membership function can be obtained raising the membership value to the power of
α, a positive parameter that defines a non-linear scaling function, i.e.,

µ′(x) = (µ(x))α, 0 < α ,

In this case, the tuning process involves adjusting the additional α parameter to
improve the FRBS performance (Figure 4(b) shows the effect of this tuning approach).

T T' T(a) (b)

a a' b'b c' c

T'

T''

α > 1

0 < α < 1

Figure 4: Two kinds of tuning for the membership function shapes: (a) changing the basic
membership function parameters, (b) changing additional membership function parameters

• From the operation mode in the modeling process point of view (i.e., when to perform the
tuning process), two main approaches are followed:
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– Embedded tuning: In this approach the tuning is performed during the derivation of
the RB. To do so, the learning process considers the whole Knowledge Base (KB)—
the component of the FRBS that represents the knowledge about the problem being
solved, which is composed of the RB and the DB—simultaneously optimizing RB and
DB (e.g. [20, 21, 22, 34]).

– A posteriori tuning: This approach improves the preliminary DB definition considered
once the RB have been derived. In this case, a tuning process considering the whole
KB obtained by any method (the preliminary DB and the derived RB) is performed
a posteriori (e.g. [5, 9, 11, 16, 19, 21, 30]).

Of course, both approaches can be also considered jointly, first developing a learning
process with embedded tuning and subsequently performing an a posteriori tuning (e.g.
[21]).

Finally, we should say that the tuning task gives more flexibility to the learning process but it
runs the risk of overfitting the problem. To face this problem when changing basic membership
function parameters, some slight constrains—such as using strong fuzzy partitions [5], using
variation intervals for each fuzzy set [11], forcing to keep an established order among vertexes
[11, 21], using symmetrical membership functions [19, 21], etc.—can be considered. When
additional membership function parameters are adjusted, the tuning is sometimes restricted
to a set of values (e.g. α ∈ {0.5, 1, 2}) [9, 16] or an interval (e.g. α ∈ [0, 5]), thus reducing
furthermore the search space and improving the interpretability of the obtained model (see next
section).

3.2 Improving Linguistic Modeling Using a Different Rule Structure

Another way to improve the LM performance is to extend the usual linguistic model structure
to be more flexible. Three specific possibilities are the following:

3.2.1 To use linguistic or generalized hedges

A possibility to relax the model structure allowing it to be more flexible is to include certain
operators to slightly change the meaning of the linguistic labels involved in the system when
necessary [3, 8, 23].

• A way to do so without losing the description to a high degree is to use linguistic hedges
(as Zadeh highlighted in [37]). A linguistic hedge (also known as linguistic modifier) is a
function that lets us alter the membership functions for the fuzzy sets associated to the
linguistic labels, giving a more or less precise definition as a result depending on the case.
Two of the most well known modifiers are the concentration linguistic hedge “very” and
the dilation linguistic hedge “more-or-less”. Their expressions are

µvery
T (x) = (µT (x))2

µmore−or−less
T (x) =

√

µT (x) ,

and their effects on a normalized fuzzy set with a triangular membership function are
shown in Figure 5.

• A generalization of these linguistic hedges is to raise the membership function to the power
of any positive value, not necessarily 2 or 0.5 as the aforementioned modifiers do. In this
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T very  T more-or-less  T

Figure 5: Effects of the linguistic hedges “very” and “more-or-less”

way, still more flexibility is given to the membership function. The general expression of
this generalized hedge would be therefore the following:

µα
T (x) = (µT (x))α, 0 < α .

If (α > 1), a concentration effect is performed and, on the contrary, if (0 < α < 1), a
dilation effect is performed (see Figure 4(b)). However, as opposed to the said linguistic
hedges, these actions are now more difficult to be interpreted.

These modifiers, linguistic or generalized hedges, can be basically used in two different ways:
different parameters for each of the membership functions composing the DB (DB level), or a
different parameter for each membership function involved in each linguistic rule (RB level).
A single parameter for the whole DB is also sometimes considered for generalized hedges [25]
(KB level). An example of the use of linguistic hedges at RB level would be, for instance, the
following rule:

IF X1 is very high and X2 is good
THEN Y is more-or-less small .

3.2.2 To use more than one consequent for each rule

This approach involves allowing the RB to present rules where each combination of antecedents
may have several consequents associated when it is necessary to improve the model accuracy
[11, 12, 25]. It is clear that this will improve the capability of the model to perform the inter-
polative reasoning and, thus, its performance. The rule structure obtained, considering only an
output variable, will be as follows:

IF X1 is A1 and . . . and Xn is An
THEN Y is {B1,. . . ,Bc} ,

with c being the number of consequents considered for a specific rule.
A particular case is the use of double-consequent rules (i.e., c = 2), which has been recently

proposed [12, 25]. The use of several consequents has no influence on the linguistic model
inference system. The only restriction imposed is that the defuzzification method must consider
the matching degree of the rules fired, for example, the center of gravity weighted by the matching
degree defuzzification strategy [14] may be used.

3.2.3 To consider weighted rules giving a certainty factor to each of them

This approach involves using an additional parameter for each rule that indicates its importance
degree in the inference process [25, 26, 28, 36], instead of considering all rules equally important
as in the usual case. Thus, more flexibility to improve the interpolative reasoning and, therefore,
the model performance, is achieved. The rule structure will be the following one:
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IF X1 is A1 and . . . and Xn is An
THEN Y is B with [w] ,

with w being the real-valued rule weight. In this approach, some changes in the classical inference
system must be made to consider the weighted action of each rule.

The operator with, which attaches a weight to a rule, may be defined in different ways.
One of the most usual options is to multiply the matching degree of the antecedent by the
corresponding weight before applying the implication operator, which relates antecedent and
consequent. Another possibility is to change the conclusion derived from the implication operator
according to the corresponding weight (e.g., changing the support of the obtained fuzzy set).

3.3 Interpretability of Improved Linguistic Modeling

Following, the effects in the interpretability degree of the linguistic models obtained by the
introduced improvements will be analyzed. Figure 6 shows the different interpretability losses
depending on the improvement considered. We should say that the shown order must be con-
sidered at large, since a theoretically less interpretable slight action could be better than a
theoretically more interpretable hard action. Of course, the order is ambiguous and the only
purpose of Figure 6 is to allow the reader to gain an insight into the consequence in the loss of
interpretability suffered when applying the different linguistic improvements.

Using linguistic hedges (LMiS) or tuning with them (LMiLS)

Tuning basic membership function parameters (LMiL)

Using several consequents per rule (LMiS)

Using weighted linguistic rules (LMiS)

+

-

In
te

rp
re

ta
bi

lit
y Using generalized hedges (LMiS) or tuning with them (LMiLS)

Using double-consequent rules (LMiS)

Figure 6: Interpretability loss depending on the linguistic improvement performed—LMiS stands
for LM improved in the model structure, LMiL for LM improved in the learning process, and
LMiLS for LM improved in both learning process and model structure—

• Using linguistic hedges or tuning with them: The use of linguistic hedges seems to be one
of the improvements with less interpretability loss. It is due to the fact that the changes
performed by the linguistic hedges have a clear meaning that allow this improvement to
keep a similar interpretability to the classical approach.

The interpretability loss will be different depending on the level where the improvement
is applied. If the linguistic hedges are used in the RB, the model will be slightly less
interpretable than using them in the DB, since in the latter one the changes performed
to the membership functions have a global influence and the obtained model seems to be
more easily interpreted than local changes in each rule.

Of course, the interpretability consideration when tuning additional membership functions
parameters using linguistic hedges is necessarily tied to the change in the rule structure
needed to use these modifiers, thus having similar interpretability degree.
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• Using generalized hedges or tuning with them: The use of generalized hedges is usually
less interpretable than the consideration of linguistic ones, since now there is not a di-
rect linguistic interpretation. However, this improvement also keeps a good description
degree since the effect of applying a generalized hedge may be interpreted as a dilation or
concentration action on the involved membership functions.

The said consideration with respect to the interpretability loss depending on the level where
the improvement is used can again be made. Moreover, if generalized hedges are used at
KB level, the obtained model seems to be more interpretable since the modifier affects to
the whole membership function set, and the changes could be considered transparent, only
influencing in the FRBSs performance.

The interpretability degree when tuning additional membership functions parameters using
generalized hedges will be evidently similar.

• Using double-consequent rules: When using two consequents per rule, the interpretation
of the action performed by every rule is confusing to some extent. However, we should
note this fact does not constitute an inconsistency from the LM point of view but only
a shift of the main labels making that the final output of the rule lie in an intermediate
zone between both consequents. Indeed, let us suppose that a specific combination of
antecedents, “X1 is A1 and . . . and Xn is An,” has two different consequents associated, B1
and B2. The resulting double-consequent rule may be interpreted as follows [12]:

IF X1 is A1 and . . . and Xn is An
THEN Y is between B1 and B2 .

• Tuning basic membership function parameters: This task may generate an intricate DB
that could disturb the expert interpretation, thus losing some legibility degree. Figure 7
shows an example where a hard tuning of the membership function parameters may involve
losing interpretability. To face this drawback, some constrains to the tuning process may
be imposed (as mentioned in Section 3.1). Of course, these constrains make less flexible the
learning process but, moreover of easing the legibility, the risk of overfitting the problem
is reduced.

S M L VLVS ? ? ? ??

Figure 7: Certain interpretability is lost when a hard tuning is performed in the basic
membership function parameters

• Using weighted linguistic rules: The interpretability loss with weighted rules lies in the
difficulty to interpret the actual action performed by each rule in the interpolative reason-
ing. Moreover, to use rule weights finally involves the fact of changing the membership
functions contained in the corresponding rule and this entails considering linguistic terms
with a different meaning in each rule, which severely impairs the system interpretability
[24].

• Using several consequents per rule: Finally, the interpretability consideration in this case
is similar to the mentioned one with double-consequent rules. However, using several
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consequents (more than two per rule) makes still more difficult to interpret the behavior
of the system, becoming hardly interpretable when many different consequents or equal
rules (same antecedent and consequent) are considered. The use of an indiscriminate
number of rules without considering consistency criteria only can be justifiable from the
accuracy outlook.

4 Experimental Comparative Study Among Linguistic, Improved
Linguistic, and Fuzzy Modeling

In this section, an experimental comparison among LM, improved LM, and FM will be shown.
To do so, several learning methods with different characteristics will be regarded to develop
LM, improved LM, and FM making use of linguistic and approximate FRBSs. Table 1 shows
the main characteristics of the methods considered (a short description to each of them can be
consulted in Appendix A).

Table 1: Summary on the analyzed learning methods and their main characteristics

Ref. Method Modeling
Type

Algorithm
Type

[35] WM LM AHDD
[7] COR LM AHDD+SA
[33] T LM GA

IL IS TBP TAP ET PT LH GH SC DC WR
[11] M-L-Tun ILM GA X X X
[21] LMe ILM GA X X X X
[11] M-L ILM AHDD+GA X X X X X
[9] LH-Tun ILM GA X X X X XRB
[12] ALM ILM AHDD+GA X Xs
[25] NIT ILM AHDD X XKB Xa X
— WR ILM GA X X

Constrains in the learning (see [1])
[3] WCA FM AHDD Hard Constr. Learn./antec., Unconstr. Learn./cons.
[6] P-FCS1 FM GA Unconstrained Learning
[11] M-ASCL FM GA Soft Constrained Learning
[13] M-AHCL FM GA Hard Constrained Learning

ILM = improved LM, AHDD = ad hoc data-driven method, SA = simulated annealing-based method, GA = genetic
algorithm-based method, IL = LM improved in the learning, IS = LM improved in the model structure, TBP = tuning
of basic membership function parameters, TAP = tuning of additional membership function parameters, ET = embedded
tuning, PT = a posteriori tuning, LH = linguistic hedges, GH = generalized hedges, SC = several consequents per rule,
DC = double-consequent rules, WR = weighted rules, XRB = linguistic hedges used at RB level, XKB = a generalized
hedge used at KB level, Xs = some rules composing RB have two consequents, Xa = all rules composing RB have two
consequents

The behavior of these learning methods will be analyzed when solving of four different
applications (two “laboratory” problems and two real-world ones). Table 2 collects the main
characteristics of these problems. A brief introduction to them is presented in Appendix B.

As described in Appendix A.2, the M-L-Tun-method and the LH-Tun-method will be consid-
ered as a posteriori tuning processes independent of the learning method used to derive a previous
KB. Therefore, in the experiments developed, these two tuning methods will be applied to the
KBs previously generated by the three LM methods (the WM-method, the COR-method, and
the T-method).
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Table 2: Summary on the four applications considered and their main characteristics

Application Complexity #V #Tra #Tst #LT #P
Three-dimensional function F1 Low 2 674 67 7 1
Three-dimensional function F2 High 2 1,681 168 7 1
Real-world rice evaluation Medium 5 75 30 2 10
Real-world electrical distribution Medium-High 2 396 99 5/7 1

#V = number of input variables, #Tra = training data set size, #Tst = test data set size, #LT = number of linguistic
terms considered for each fuzzy partition, #P = number of different partitions of the sample considered

In principle, the application of approximate FRBSs to simple problems as F1 or linguistic
FRBSs to complex problems as F2 could seem aberrant, since they are not respectively de-
signed for such cases [1]. However, we have considered appropriate these applications aiming at
analyzing the behavior of such systems facing problems with different nature.

4.1 Experiments

In the experiments developed, we will consider the mean square error (MSE) to evaluate the
quality of the results. We have defined MSE as

MSE =
1

2 ·N

N
∑

l=1

(Y l − yl)2 ,

with N being the data set size, Y being the output obtained from the FRBS, and y being the
known desired output. The closer to zero the measure, the greater the model accuracy.

An initial DB constituted by a primary fuzzy partition for each variable will be considered
when required. Every partition is formed by a specific number of labels with triangular-shaped
equally distributed fuzzy sets giving meaning to them (as shown in Figure 1), and the appropriate
scaling factors to translate the generic universe of discourse into the one associated with each
problem variable.

As regards the FRBS reasoning method used, we have selected the minimum t-norm playing
the role of the implication and conjunctive operators, and the center of gravity weighted by the
matching strategy acting as the defuzzification operator [14].

Table 3 collects the results obtained by the considered methods when solving of the said
applications. In that Table, #R stands for the number of rules, and MSEtra and MSEtst for the
values obtained over the training and test data sets, respectively. In the rice taste evaluation
problem, the values shown in these columns have been computed as the average obtained by the
ten models generated for each method (see Appendix B.3). In the case of methods with several
consequents per rule (the M-L-method, the ALM-method, and the NIT-method), the number
of rules shown in the Table corresponds to the rules obtained after decomposing them in simple
ones. The best results obtained by each learning method group (LM, improved LM, and FM)
for each problem are shown in boldface. An additional column showing the modeling approach
followed by each method is also included where LMiL stands for LM improved in the learning
process and LMiS stands for LM improved in the model structure.

A global analysis of the obtained results will be made in the following section.

4.2 Analysis

From the obtained results, an analysis considering the behavior of the analyzed methods solving
the different problems will be made focusing on three different angles: LM vs FM, LM vs im-
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Table 3: Results obtained by the analyzed methods in the four problems considered

F1 F2

Modeling Method #R MSEtra MSEtst #R MSEtra MSEtst

LM WM 49 0.194386 0.044466 49 1.82425 2.099754
LM COR 49 0.097397 0.043984 49 0.502518 0.521298
LM T 47 0.067518 0.032441 48 0.503970 0.547687
LMiL WM + M-L-Tun 49 0.060296 0.028621 49 0.882026 1.024698
LMiL COR + M-L-Tun 49 0.050823 0.027383 49 0.391976 0.413784
LMiL T + M-L-Tun 49 0.030928 0.021698 49 0.403650 0.432996
LMiL LMe 43 0.105432 0.174930 49 0.330614 0.370192
LMiLS M-L 96 0.011865 0.014518 253 0.370366 0.375440
LMiLS WM + LH-Tun 49 0.071854 0.026771 49 1.563712 1.799811
LMiLS COR + LH-Tun 49 0.042854 0.021180 49 0.454830 0.456347
LMiLS T + LH-Tun 49 0.032462 0.022374 49 0.461015 0.459301
LMiS ALM 55 0.019083 0.026261 32 0.548304 0.632155
LMiS NIT 98 0.074073 0.015948 98 0.481266 0.519737
LMiS WR 49 0.016953 0.020869 49 0.482345 0.490805
FM WCA 49 0.288179 0.138663 49 0.494001 0.536226
FM P-FCS1 42 0.044838 0.038075 74 0.220314 0.222865
FM M-ASCL 86 0.056008 0.055712 239 0.173270 0.168424
FM M-AHCL 55 0.092998 0.066488 236 0.177442 0.183578

Rice problem Electrical problem
Modeling Method #R MSEtra MSEtst #R MSEtra MSEtst

LM WM 15 0.013284 0.013119 24 222,654 239,962
LM COR 15 0.007979 0.008244 24 182,945 170,789
LM T 16 0.004949 0.005991 49 169,077 175,739
LMiL WM + M-L-Tun 15 0.001106 0.002138 24 145,273 171,998
LMiL COR + M-L-Tun 15 0.001292 0.002293 24 156,651 157,513
LMiL T + M-L-Tun 16 0.001153 0.002927 49 147,844 164,993
LMiL LMe 31 0.000810 0.002342 49 167,014 167,383
LMiLS M-L 6 0.001075 0.002331 35 137,905 173,096
LMiLS WM + LH-Tun 15 0.001758 0.001731 24 181,609 209,756
LMiLS COR + LH-Tun 15 0.001047 0.001659 24 150,323 178,923
LMiLS T + LH-Tun 16 0.000911 0.001902 49 139,013 188,945
LMiS ALM 5 0.003416 0.003984 20 155,866 178,601
LMiS NIT 64 0.002996 0.003520 64 173,230 190,808
LMiS WR 15 0.002588 0.003099 24 149,303 182,249
FM WCA 32 0.017729 0.020026 34 223,985 213,906
FM P-FCS1 51 0.000596 0.009055 71 141,023 197,941
FM M-ASCL 4 0.003468 0.005290 20 142,109 166,579
FM M-AHCL 5 0.001432 0.006094 16 149,129 168,210
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proved LM, and improved LM vs FM. Considerations from the accuracy and the interpretability
points of view will be regarded in each case.

An overall view combining accuracy and interpretability will be also made showing different
guidelines on the best choice depending on the difficulty of the problem (as shown in Table 2).
Certainly, generalizations from a specific problem can not be made to all problems having a
similar complexity and the guidelines shown should be considered for guidance only.

LM vs FM

• Accuracy: Whilst better precision degrees in F1 are obtained with LM, more accurate
models are obtained in FM solving a complex problem as F2, thanks to the use of local
semantics that introduce additional degrees of freedom allowing the obtained fuzzy models
to be more accurate in these cases. On the other hand, similar accuracy results are obtained
by both LM and FM in the rice taste evaluation problem while slightly more accurate
models are obtained by FM methods in the electrical problem. However, the approximate
FRBSs generated in FM show, in the two real-world problems, a clear tendency to overfit
them (an approximation degree significantly greater than the generalization one) because
of the high capability of approximation characterizing these kinds of systems that brings
the models to be very close to the training data performing then a bad prediction.

Two methods, the WM-method in LM and the WCA-method in FM, do not generate
proper models. In the former case, these results perhaps are related to the fact of gen-
erating linguistic rules considering local criteria, without taking into account the global
performance of the system [7]. In the latter case, the bad performance developed by the
method shows the logical difficulty of designing approximate FRBSs with ad hoc data-
driven algorithms.

• Interpretability: As regards the legibility of the generated models, the ones obtained by LM
methods are significantly more interpretable than the ones obtained in FM, thanks to the
use of a global semantic (as mentioned in Section 2.1). Nevertheless, the fuzzy models with
only four and five rules (on average for the ten models) obtained by the M-ASCL-method
and the M-AHCL-method in the rice problem are interesting results—Table 4(c) shows a
Fuzzy Rule Base (FRB) with only two fuzzy rules generated by the M-ASCL-method in
this problem—.

• Guidelines depending on the problem:

– Problems with simple complexity: In simple problems as F1, LM shows to be clearly
better than FM since more accurate models are obtained being, moreoever, more
interpretable.

– Problems with medium complexity: All accuracy results being similar between LM
and FM in the rice problem, the LM developed by linguistic FRBSs should be clearly
preferable to the FM with approximate FRBSs, since the former has, in addition, a
high interpretability. Therefore, the models obtained by the linguistic learning T-
method are recommended in the rice taste evaluation problem although the fuzzy
models generated by the M-ASCL-method and the M-AHCL-method are also good
results in spite of the difficulty to understand the fuzzy rule actions (a generated FRB
is shown in Table 4(c)).

– Problems with medium-high complexity: In the electrical distribution network prob-
lem, the preference between one or another approach will depend on the main require-
ment to be satisfied: interpretability or accuracy. More accurate models are obtained

14



Table 4: Some FRBs generated for a specific data set partition of the rice taste evaluation
problem—MSEtra and MSEtst values are shown in brackets—

(a) WM-method’s RB (0.014704 – 0.016700)
Rule Flavor Appear. Taste Stickiness Tough. Eval.
R1 bad bad bad not-sticky tender low
R2 bad bad bad not-sticky tough low
R3 bad good bad not-sticky tender low
R4 bad good good not-sticky tender low
R5 bad good good sticky tender low
R6 good bad bad not-sticky tender low
R7 good bad bad not-sticky tough low
R8 good bad good not-sticky tender low
R9 good good bad not-sticky tough low
R10 good good bad not-sticky tender high
R11 good good bad sticky tender high
R12 good good good not-sticky tender high
R13 good good good not-sticky tough high
R14 good good good sticky tender high
R15 good good good sticky tough high

(b) ALM-method’s RB (0.003838 – 0.002852)
Rule Flavor Appear. Taste Stickiness Tough. Eval.
R1 bad bad bad not-sticky tough low
R2 bad good bad not-sticky tender low
R3 good bad bad not-sticky tender low
R4 bad good good not-sticky tender high
R5 good good good sticky tender high
R6 good good good sticky tough high

(c) M-ASCL-method’s FRB (0.002518 – 0.003290)
Rule F A Ta S To E

R1

R2

(d) WM+LH-Tun-method’s RB (0.002230 – 0.000901)
Rule Flavor Appearance Taste Stickiness Toughness Evaluation
R1 m-or-l bad m-or-l bad very bad not-sticky m-or-l tender low
R2 m-or-l bad very bad very bad very not-sticky very tough low
R3 m-or-l bad m-or-l good very bad not-sticky very tender very low
R4 m-or-l bad good very good very not-sticky m-or-l tender very low
R5 very bad good good very sticky tender low
R6 m-or-l good very bad very bad very not-sticky m-or-l tender m-or-l low
R7 m-or-l good bad very bad m-or-l not-sticky m-or-l tough low
R8 m-or-l good bad very good very not-sticky m-or-l tender m-or-l low
R9 very good good very bad very not-sticky very tough low
R10 very good very good very bad very not-sticky m-or-l tender m-or-l high
R11 very good good very bad very sticky tender high
R12 good good very good m-or-l not-sticky very tender high
R13 m-or-l good m-or-l good m-or-l good m-or-l not-sticky m-or-l tough very high
R14 very good very good good sticky m-or-l tender m-or-l high
R15 very good good very good sticky tough m-or-l high

by FM methods at expense of losing the capability of interpreting their behavior to a
high degree. In Tables 5(a) and 5(d), we may see two models respectively obtained by
an LM and an FM method. Indeed, although the model generated by the M-ASCL-
method (Table 5(d)) is more accurate than the one obtained by the COR-method
(Table 5(a)), the difficulty to understand the former one is significantly higher.

– Problems with high complexity: FM is clearly recommended in a complex problem as
F2 since it obtains significantly more accurate models.

LM vs Improved LM

• Accuracy: We may note the great result shown by using different improvements in LM,
generally obtaining more accurate linguistic models. Nevertheless, some improved linguis-
tic models present certain overfitting of the problem losing generalization, as the case of
the ones generated by the LMe-method, the T+M-L-Tun-method and the T+LH-method
in the rice problem, or the ALM-method, the NIT-method and the WR-method in the
electrical problem. This worse prediction is one of the risks when excessive flexibility is
given to the model and shows the difficulty to overcome LM in some cases.

• Interpretability: The improvements in LM performed by some learning methods, in spite
of obtaining good accuracy degrees, involve the use of a high number of rules in some
cases (e.g., the LMe-method in the rice problem, the M-L-method in F1 and F2, or the
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Table 5: Some FRBs generated in the electrical application problem—MSEtra and MSEtst values
are shown in brackets—

(a) COR-method’s RB (182,945 – 170,789)
X1

ES VS S M L VL EL

ES ES VS

VS ES VS VS S

S VS S S M S

X2 M VS M M EL S

L S M EL

VL S L L S

EL M

(b) COR+M-L-Tun-method’s DB (156,651 – 157,513)

1 320

X1

ES VS S M L ELVL

60 1673

X2

ES VS S M L ELVL

80 7675

Y

ES VS S M L ELVL

(c) ALM-method’s RB (155,866 – 178,601)
X1

ES VS S M L VL EL

ES ES ES

VS ES
VS

VS VS

S VS VS
M

S M

X2 M VS S
L

VL S

L

VL VS L M

EL M

(d) M-ASCL-method’s FRB (142,109 – 166,579)

Rule X1 X2 Y Rule X1 X2 Y

R1 R11

R2 R12

R3 R13

R4 R14

R5 R15

R6 R16

R7 R17

R8 R18

R9 R19

R10 R20

NIT-method in the four problems). Moreover of the corresponding interpretability loss
derived from such improvements (tuning of basic membership functions parameters, several
consequents per rule, weighted rules, etc.), so many rules make the obtained model be still
more hardly understandable, which is an important requirement in LM and should be taken
into account. Opposite to these cases, some methods achieve to significantly improve the
behavior keeping a good interpretability, as mentioned in Section 3.3.

For example, Tables 5(a) and 5(b) respectively show the RB generated by the COR-method
and the corresponding DB changed by the M-L-Tun-method in the electrical problem. As
notice, using the same RB and practically keeping the original DB (a uniformly gener-
ated one)—thus having a similar interpretability—a significantly more accurate model is
obtained by the improved LM method.

• Guidelines depending on the problem: Keeping in mind the said requirements in terms
of accuracy (with good trade-off between approximation and generalization degrees) and
interpretability, the following methods may be considered to be the ones obtaining the
best solutions in each problem:

– Problems with simple complexity: The T+M-L-Tun-method and the COR+LH-Tun-
method obtain good models for F1. Although the M-L-method, the NIT-method,
and the WR-method also obtains good accuracy results, their models are difficult to
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be interpreted due to the excessive number of rules (in the two former cases) and the
consideration of rules with several consequents and/or weights.

– Problems with medium complexity: In the rice problem, the COR+LH-Tun-method
(with a very good accuracy) and the ALM-method (though it does not have a good
accuracy, it have an excellent interpretability where the original semantic is kept and
only six simple rules are used) may be considered as the methods that obtain the
best solutions. Their corresponding models are respectively shown in Tables 4(b)
and 4(d), respectively.

– Problems with medium-high complexity: The COR+M-L-Tun-method generates a
model with an excellent balance between approximation and prediction degrees in
the electrical problem, having moreover a proper interpretability.

– Problems with high complexity: The COR+M-L-Tun-method and the LMe-method
are clearly the best options in the F2 problem. Although the M-L-method also obtains
an accurate model, its interpretability with the large number of rules used is very bad.

As notice, excellent models result of combining simple methods with a subsequent tuning
process. This combination present similar or better results than complex rule generation
mechanism as the LMe-method and the M-L-method, which also perform an a posteriori
tuning, being moreover significantly simpler and quicker.

Improved LM vs FM

• Accuracy: The models obtained with improved LM methods significantly overcome the
ones obtained with FM methods in F1 and the rice problems. In the electrical problem,
similar or slightly better results are also obtained by improved LM learning methods. Only
in the complex problem F2, FM methods generate clearly more accurate models.

• Interpretability: Regarding the facility to understand the behavior of the obtained model,
in spite of the slight loss of legibility suffered by improved LM, improved linguistic models
are a far more legible than approximate fuzzy models thanks to the consideration of a
global semantic (as said in Section 2.1). For example, we can see how the model obtained
by the COR+M-L-Tun-method (whose RB and DB are shown in Tables 5(a) and 5(b),
respectively) is notably more interpretable than the fuzzy model obtained by the M-ASCL-
method (Table 5(d)) in the electrical problem.

• Guidelines depending on the problem:

– Problems with simple complexity: The improved LM learning methods are clearly
better in terms of accuracy and interpretability in F1.

– Problems with medium complexity: In the rice evaluation taste problem, the improved
LM shows to be better than FM since the best prediction degrees are obtained by the
former approach, being furthermore interpretable. Nevertheless, the model obtained
by the FM M-ASCL-method with only four rules (as average for the ten partitions
considered in this problem) is an interesting result, although its accuracy is worse
than, for example, the model obtained by the improved LM ALM-method with only
five rules. Two models generated by these methods are shown in Tables 4(b) and
4(c). As notice, a slightly more accurate and significantly more interpretable solution
is obtained by the improved LM method.

– Problems with medium-high complexity: Taking into account the accuracy and in-
terpretability of the obtained models, the improved LM learning methods would be
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preferable to the FM ones in the electrical problem. As may be observed in Ta-
ble 5(b), the tuning performed to the global semantic over the KB generated by
the COR-method (Table 5(a)) makes the obtained model be more accurate and in-
terpretable than the best analyzed fuzzy model (obtained by the M-ASCL-method,
Table 5(d)).

– Problems with high complexity: In F2 problem, to settle on one or another option will
depend on which requirement is mainly considered: while in improved LM satisfactory
accuracy with good interpretability is obtained, in FM very good precision is achieved
sacrificing the interpretability.

5 Concluding Remarks

The main objective of this contribution has been to carry out a comparative analysis between
LM and FM beyond the classical approach resigned to simply consider LM with a good inter-
pretability but a bad accuracy. Some possibilities to significantly improve the precision of the
linguistic models keeping good legibility have been introduced under the assumption that better
accuracy could be obtained looking for a good balance between model flexibility and model-
ing simplicity. The good performance of such improvements opposite to FM has been shown
by means of a wide experimental study where fourteen different learning methods, carefully
selected, were applied to four modeling problems with different nature.

The conclusions shown through the paper can be summarized answering the following four
questions:

What possibilities are found in system modeling with FRBSs?

In system modeling with FRBSs, we may usually find two contradictory requirements, the
interpretability and the accuracy of the model obtained. As known, LM (where the main
requirement is the interpretability) is developed by linguistic FRBSs, while FM (where the main
requirement is the accuracy) is developed, among others, by approximate FRBSs. Whilst the
fact of making linguistic FRBSs be highly interpretable involves establishing hard restrictions
to the rule structure (due to the use of a global semantic) thus losing flexibility, relaxing such
restrictions, as approximate FRBSs do (using a local semantic), can make more flexible models
to be obtained but losing their interpretability.

Is flexibility equal to accuracy?

This question may be answered with another one: What good is the flexibility of the model if
the learning process has difficulties to profit from it? Indeed, greater flexibility does not involve
greater accuracy, since the complexity to accomplish the modeling process grows, and a trade-off
between the freedom of the model (model flexibility) and the good performance of the learning
process (modeling simplicity) would provide better behavior.

How can be obtained more accurate models with good interpretability?

To address the balance between model flexibility and modeling simplicity, either

• improvement in the LM can be accomplished to make more flexible the learning and/or
the rule structure, or

• constrains in the learning process for the FM can be imposed.
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If the said trade-off is achieved starting from LM, more interpretable models will be obtained
than starting from FM. Therefore, it seems to be very interesting to face system modeling
attempting to improve, as much as possible, LM without losing its description to a high degree.
To do so, two different kinds of linguistic improvements have been introduced in this contribution:

• Improvement in the learning process by tuning the membership function parameters asso-
ciated to the linguistic terms.

• Improvement in the model structure by using linguistic or generalized hedges, using several
consequents per rule, or using weighted rules.

Very interesting results have been obtained in this paper combining simple linguistic learning
methods, which do not make use of complex rule generation mechanisms, with a tuning process
a posteriori (either adjusting basic membership function parameters or using linguistic hedges).
Therefore, it seems to be a good idea to investigate into new tuning processes with good criteria
of prediction and interpretation quality.

Can LM be as accurate as FM without losing its description to a high degree?

In this contribution, we have seen that in spite of LM is generally less accurate than FM, the
former can be properly improved making it more flexible. With improved LM, the performance
field of LM is extended covering problems with medium or medium-high complexity, where
similar or better accuracy than FM is obtained with more interpretable models. Therefore, this
leads us to think that, if not always, for the most of cases, properly improved LM can be as
accurate as FM without losing its description to a high degree.
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A Learning Methods Considered in the Experimental Study

A.1 Linguistic Model Learning Methods

Three specific methods to develop linguistic models have been considered:

• In [35], Wang and Mendel propose a simple ad hoc data-driven learning method to generate
linguistic rules (WM-method). The algorithm consists of dividing the input and output
spaces into fuzzy regions, generating the rule best covering each example, and finally
selecting among the rules with common antecedent part (conflicting rules) the one with
the highest importance degree (computed according to the covering degree) for each fuzzy
input region.

• Casillas, Cordón, and Herrera propose in [7] the Cooperative Rules methodology (COR-
method) to induce good cooperation among linguistic rules benefiting from the interpola-
tive reasoning. To do so, firstly a set of candidate rules is generated in each group (conflict-
ing rules) following some specific learning method (in this contribution, the WM-method
will be used). Then, instead of directly selecting the best rule among the conflicting ones,
as the previous method does, a combinatorial process (performed by a Simulated Anneal-
ing algorithm in this case) is developed to obtain the combination of rules (one per group)
with the best global performance, even though they are not the best in the corresponding
groups.

• The method proposed by Thrift (T-method) [33] is based on a Genetic Algorithm (GA)
that encodes all the cells of the complete decision table in the chromosome. In this way,
the method establishes a mapping between the set of linguistic terms associated to the
output variable and an ordered integer set (containing one more element encoding the null
value) representing the allele set. Each of the chromosomes is constituted by joining the
partial coding associated to each of the linguistic labels contained in the decision table
cells. A gene containing the null allele will represent the absence of the linguistic rule
located in the corresponding cell in the RB.

A.2 Improved Linguistic Model Learning Methods

Seven specific methods to improve LM by different ways will be considered. These methods
cover the different approaches presented in Section 3 as Table 1 shows: a method to perform
only an a posteriori tuning; an embedded tuning method; a whole method with learning and a
posteriori tuning processes where several consequents per rule are allowed; an a posteriori tuning
of additional membership function parameters; a method considering the double-consequent
rule structure; a method with weighted double-consequent rules and a generalized hedge; and a
method to learn weighted rules.

• The a posteriori tuning process introduced in [11] by Cordón and Herrera (M-L-Tun-
method) is based on a GA where each chromosome forming the genetic population en-
codes a complete DB definition that will be combined with the existing RB in order to
evaluate the individual adaptation. Since each of the triangular membership functions has
an associated parametric representation based on a 3-tuple of real values, a primary fuzzy
partition can be represented by an array composed by 3 · Nt real values, with Nt being
the number of terms forming the linguistic variable term set. The DB is encoded into
a fixed length real-coded chromosome built by joining the partial representations of each
variable fuzzy partition. An interval of performance (defining the intervals of adjustment)
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is associated to every gene (membership function parameter) in the chromosome. A fit-
ness function penalizing the lack of completeness and appropriate genetic operators are
employed.

• Liska and Melsheimer present in [21] a learning method (LMe-method) that performs
an embedded tuning process during the learning stage. The KB is represented as a chro-
mosome composed of three substrings: a real-coded one with the membership functions
associated to all system variables, each of them being represented by two parameters (cen-
ter and width); an integer-coded one containing the structure of each rule, i.e., the terms
used in each variable, with the possibility of rejecting some variable if the null term is
used; and another integer-coded substring with the consequent associated to each rule,
also having the possibility of rejecting the rule if the corresponding consequent is null.
The genetic operators (crossover and mutation) will act in a different way depending on
what substring of the chromosome they are applied on. The performance of each chro-
mosome in a population is evaluated by an exponential ranking technique based on the
error function. Once the genetic learning process has finished, the method applies a second
phase tuning the membership functions for ensuring the optimum adjustment.

• The method to generate linguistic FRBSs proposed by Cordón and Herrera (M-L-method)
[11] follows the MOGUL paradigm presented in [10]. The method is composed of three
stages: an iterative RB generation process, a genetic simplification process, and a genetic
tuning process (this third stage is the aforementioned M-L-Tun-method). In the first stage,
the RB is derived rule by rule, selecting the most accurate one at each step of the algo-
rithm. Once this rule is obtained, its covering over the training set examples is taken into
account. Those examples covered in a degree higher than a specific value are removed from
the training set. Each time the best rule has to be selected in the generation process, the
accuracy of the candidates is measured by using a multicriteria fitness function that allows
the method to ensure the completeness and consistency of the final KB generated. Since
the same antecedent combination can be generated for several rules, the method implicitly
makes more flexible the rule structure allowing it to have several consequents associated.

The second stage, the simplification one (proposed in [18]), combines rules and eliminates
redundant rules, selecting the most cooperative set of them. It is based on a binary
coded GA (one bit for each rule belonging to the previous RB) where each gene indicates
the consideration or not of the corresponding rule to belong to the final RB. Appropriate
selection and recombination operators are used. The method uses the same fitness function
considered in the M-L-Tun-method.

• The method to tune additional membership function parameters by using linguistic hedges
at RB level presented in [9] (LH-Tun-method) will be also considered. Following the a
posteriori tuning approach, the method involves starting from a previous RB generated
by any linguistic learning method. After that, by means of a simple GA-based algorithm,
the LH-Tun-method tunes the different membership functions considered in each linguistic
rule using the linguistic hedges “very” and “more-or-less”. To do so, the coding scheme
generates integer-coded chromosomes of length Nr · (n + 1) (with Nr being the number
of rules and n being the number of input variables). Each gene can take three possible
alleles—0, 1, or 2—that respectively indicate the three possibilities for each membership
function—to use the “more-ore-less” linguistic hedge, not use linguistic hedge, or to use
the “very” linguistic hedge—.

The initial population is generated by introducing a chromosome that represents the pre-
viously obtained RB, i.e., all genes taking the allele 1. The remaining chromosomes are
generated at random. The standard two-point crossover is used. The mutation operator
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changes the gene to the allele 1 when a gene with alleles 0 or 2 must be mutated, and
randomly to 0 or 2 when a gene with allele 1 must be mutated. Finally, the Baker’s
stochastic universal sampling procedure together with an elitist selection scheme and the
MSE fitness function are considered.

• The method proposed by Cordón and Herrera according to the Accurate Linguistic Mod-
eling methodology (ALM-method) [12] is based on the following two aspects. Firstly,
the model structure is extended allowing a combination of antecedents to have two con-
sequents associated when necessary. Therefore, two rules, the primary and secondary in
importance, are obtained in each combination considering a specific generation process.
In this contribution, the generation process based on the WM-method will be consid-
ered. Then, after decomposing each double-consequent rule into two independent simple
ones, the selection process proposed in [18] and previously described in the M-L-method
is employed to select a subset of the rules best cooperating.

• The proposal of Nozaki, Ishibuchi, and Tanaka (NIT-method) in [25] also employs two
consequents in each combination of antecedents to improve the performance. In this case,
moreover of using always double-consequent rules, these rules are weighted to consider
different importance degrees during the inference process. Each rule is derived obtaining
a preliminary rule with the consequent taking a real value (instead a linguistic term) and
generating from it the two terms best covering such a value (giving a weight to each of
the two obtained rules according to the membership degree). The method also makes use
of a generalized hedge at KB level (with the α parameter defined by the designer) to give
greater flexibility to the learning process.

• A method to learn weighted rules (WR-method) will be also considered in this contribu-
tion. Once the RB has been generated by any linguistic learning method (COR-method
will be considered in this paper), WR-method performs a search by a GA to find the weight
of each rule that obtains the best FRBS performance. The operator with, which attaches
the weight to the corresponding rule, will be applied multiplying it by the matching degree
of the antecedent (as said in Section 3.2).

Each chromosome is a real-coded string with a length equal to the number of rules. Each
gene takes a value in the range [0, 1] that represents the weight considered for the corre-
sponding rule. The initial population is generated by introducing a chromosome where all
genes take value 1 (original RB) and with the remaining chromosomes generated at ran-
dom. The two-point crossover operator is used. The mutation simply consists of changing
the selected gene by another value randomly generated in the range [0, 1]. The Baker’s
stochastic universal sampling procedure together with an elitist selection scheme and the
MSE fitness function are again considered.

A.3 Approximate Fuzzy Model Learning Methods

Four learning methods to generate approximate FRBSs will be considered. A wider description
of them, among others, can be found in [1], where some dissertations on the different constrains
to make less flexible the learning process and their effects are also discussed.

• The Weighted Counting Algorithm (WCA-method), proposed by Bárdossy and Duck-
stein in [3], is based on the principle of firstly generating the antecedents of the rule and
then obtaining the consequents taking the examples in the training data set matching the
antecedents of the rule to any degree as a base. A previous definition of the antecedent
fuzzy set supports for each rule, as well as the number of rules, are required. The algo-
rithm generates the vertex of the triangular membership functions thus determining the
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fuzzy set shapes used for the antecedents, and subsequently identifies the corresponding
consequents.

• The Pittsburgh-style Fuzzy Classifier System #1 (P-FCS1-method), proposed by Carse,
Fogarty, and Munro [6], is based on a GA characterized by an interesting coding scheme
and crossover operator. The rule representation employed by this method is a set of terms
that encode the centers and widths of fuzzy set membership functions over the range of
input and output variables using a real coding scheme. A chromosome is a variable length
concatenated string of such fuzzy rules. The crossover operator is based on the classical
two-point crossover but with an n-dimensional consideration (being n the number of input
variables). A mutation operator, as well as operators to create and delete rules, are also
used. This method does not consider any restriction on the fuzzy set parameters since
both the gene pool initialization and the genetic operators freely generate these values,
thus performing an unconstrained learning process [1].

• Two different methods proposed by Cordón and Herrera, the MOGUL-based approxi-
mate Soft Constrained Learning method (M-ASCL-method) [11] and the Hard Constrained
Learning Method (M-AHCL-method) [13], will be considered. These methods follow the
MOGUL paradigm [10] mentioned in M-L-method (Section A.2), with the first stage being
an evolutionary generation process and keeping the same simplification process. The tuning
stage, originally proposed in [17], is performed in a different way to the mentioned M-L-
Tun-method, since no global semantic is considered in approximate FRBSs and, therefore,
each fuzzy set involved in each fuzzy rule is independently tuned.

In M-ASCL-method, the generation process draws inspiration from the previously said
M-L-method. Opposite to the previous one, once a rule is obtained, an (1+1)-Evolution
Strategy locally tunes such a rule making it get an approximate nature. Variation intervals
for each fuzzy set are considered, thus imposing soft constrains to the learning process [1].

• On the contrary, the M-AHCL-method performs a different generation process based on
a GA with hard constrains considering an interval where each point defining the member-
ship functions (instead the whole fuzzy set) may take value [1]. It is accomplished thanks
to the use of special genetic operators that maintain the constrains.

B Applications Considered in the Experimental Study

The four problems considered in the experimental study will be briefly introduced in the following
subsections (Table 2 in Section 4 collects a summary on them).

B.1 Simple Three-Dimensional Function: F1

The aim in this first problem will be to model the surface of a smooth three-dimensional mathe-
matical function (F1) [11], shown in Figure 8, which presents discontinuities at (0, 0) and (1, 1),
as can be observed in its graphical representation. To do so, a training data set uniformly
distributed in the three-dimensional definition space has been obtained experimentally. In this
way, a set with 674 values has been generated for the function F1 taking 26 values for each one of
the two input variables considered to be uniformly distributed in their intervals (it is composed
of 674 values instead of 676 because it is not defined in two space points). Another data set
has been generated for its use as test set to evaluate the performance of the learning method,
avoiding any possible bias related to the data in the training set. The size of this data set (67)
is the ten percent of the training set one. The data is obtained generating the input variable
values at random in the concrete universes of discourse for each one of them, and computing
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the associated output variable value. Seven labels will be used for each variable in those meth-
ods that need to know this aspect. A uniform partition with such terms for each variable (see
Figure 1) will be considered when a preliminary DB is required.
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Figure 8: Graphical representation, mathematical expression, and variable universes of discourse
of the simple three-dimensional function F1

B.2 Complex Three-Dimensional Function: F2

The generalized Rastrigin function, F2, a strongly multimodal one, will be considered as complex
three-dimensional function [18]. Its graphical representation, mathematical expression, and
variable universes of discourse are shown in Figure 9. The function data is obtained like in the
previous case. Training and test sets, with 1,681 (taking 41 values for each of the two input
variables) and 168 (ten percent) values, respectively, have been generated. Seven labels will be
also considered in this case.

−1

−0.5

0

0.5

1

−1

−0.5

0

0.5

1
−2

−1

0

1

2

3

4

x
1x

2

F2(x1, x2) = x2
1 + x2

2 − cos(18x1)− cos(18x2)

x1, x2 ∈ [−1, 1], F2(x1, x2) ∈ [−2, 3.5231]

Figure 9: Graphical representation, mathematical expression, and variable universes of discourse
of the complex three-dimensional function F2

B.3 The Rice Taste Evaluation Problem

Subjective qualification of food taste is a very important but difficult problem. In the case
of the rice taste qualification, it is usually put into effect by means of a subjective evaluation
called the sensory test. In this test, a group of experts evaluates the rice according to a set
of characteristics associated to it. These factors are: flavor, appearance, taste, stickiness, and
toughness [25]. Because of the large quantity of relevant variables, the problem of rice taste
analysis becomes very complex, thus leading to solve it by means of modeling techniques capable
of obtaining a model representing the non-linear relationships existing in it. In order to do so,
we are going to use the data set presented in [25]. This set is composed of 105 data vectors
collecting subjective evaluations of the six variables in question (the five mentioned and the
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overall evaluation of the kind of rice), made up by experts on this number of kinds of rice grown
in Japan.

With the aim of not biasing the learning, we have randomly obtained ten different partitions
of the mentioned set, composed by 75 pieces of data in the training set and 30 in the test one, to
generate ten models in each experiment. Two labels, or uniform partitions with two linguistic
terms, will be considered when required.

B.4 The Electrical Distribution Network Problem

This problem involves finding a model that relates the total length of low voltage line installed
in Spanish rural towns [15]. This model will be used to estimate the total length of line being
maintained by an electrical company. We were provided with a sample of 495 towns in which the
length of line was actually measured and the company used the model to extrapolate this length
over more than 10,000 towns with these properties. We will limit ourselves to the estimation of
the total length of low voltage line installed in a town, given the inputs number of inhabitants
of the town and distance from the center of the town to the three furthest clients. To develop
the different experiments in this contribution, the sample has been randomly divided in two
subsets, the training and test ones, with an 80%-20% of the original size respectively. Thus,
the training set contains 396 elements, whilst the test one is composed by 99 elements. Seven
labels, or the corresponding uniform partitions, will be considered when necessary excepting for
the M-AHCL-method and the M-ASCL-method, where five labels will be considered.
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