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ABSTRACT

Gaussian scale mixtures (GSM) capture two basic properties of
the wavelet coefficients responding to natural images, namely
1) high kurtosis marginals, and 2) positive covariance between
neighbor coefficient amplitudes. These features are not shared
by Gaussian or lower kurtosis noise sources. Therefore, GSM
models provide a means to separate the noise from the signal
for an observed corrupted image. A local model consisting of
a GSM term plus Gaussian additive noise with arbitrary covari-
ance is used to estimate first the noise covariance at each wavelet
subband, applying a generalized expectation maximization algo-
rithm. Then the original wavelet coefficients are estimated from
the noisy observations using an efficient Bayes Least Squares
technique. Both steps are fully automatic.

1. INTRODUCTION

Blind noise removal usually requires the estimation of the
noise statistics from the observation. Traditionally, noise
is assumed white, which allows to rely on the different
spectral behavior of white noise and natural images to es-
timate the noise variance. However, most often, noise in
real degraded images is far from white. Note that if we
remove the spectral constraints on both noise and signal
we need to use higher-order statistics to discriminate be-
tween them (e.g., it would be impossible to distinguish
between noise and signal if both were modelled as Gaus-
sian of unknown covariance). Thus, any practical gen-
eral purpose blind denoising method requires: 1) a noise
model allowing non-flat spectral behavior; and 2) a signal
model involving higher-order statistics. In this work we
have used a correlated Gaussian model for the noise, and
correlated Gaussian Scale Mixtures (locally, in an over-
complete wavelet domain) for the signal, as in [1]. How-
ever, unlike the referred work, we do not assume prior
knowledge of the noise covariance, but apply instead a
generalized expectation-maximization algorithm for esti-
mating it from the degraded image.
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2. MODELLING THE IMAGE STATISTICS

Multi-scale representation schemes have been extensively
used during the last years for analyzing and processing
natural signals (images, sounds, seismic waves, etc.). For
signal restoration, in particular, it has been observed that
redundant representations are more effective than criti-
cally sampled wavelets [2, 3]. For this work we have used
an overcomplete version of the Haar wavelet that, simi-
larly to the à trousrepresentation is aliasing free, but, un-
like the latter, it preserves the pyramid structure. Although
this is the simplest option, any other aliasing-free oriented
pyramid is also applicable (e.g., Simoncelli’s steerable pyra-
mid [1], or the curvelets [4]). Once we have decomposed
the original image into oriented subbands at different scales,
we observe two outstanding statistical features of the sig-
nal coefficients: (1) marginal statistics are strongly lep-
tokurtotic (peaked at zero, with heavy tails) [5]; and (2)
the amplitude of neighbor coefficients present a strong
positive covariance [13].

2.1. Gaussian Scale Mixtures in the wavelet domain

We use Gaussian Scale Mixtures [6] (GSM) for modelling
neighborhoods of coefficients for each subband [7]. In
this work we have used neighborhoods of 3 × 3 coeffi-
cients. Every localized feature in the image domain gives
raise to simultaneous responses of several coefficients in
the wavelet domain. The underlying idea of the GSM
model is that every small cluster of coefficients can be
seen as a Gaussian vector sample scaled in amplitude by
an unknown factor that modulates the local energy: x =√

zu, where x represents the neighborhood of image co-
efficients for the subband,

√
z is the unknown positive

scalar and u is a Gaussian vector, independent of
√

z.
This simple model reproduces the two basic features ex-
plained above. First, providing that the density of z is
concentrated around 0, with a heavy positive tail, most
often x will have a small magnitude (soft texture areas),
but it will occasionally produce high magnitude responses
(edges, lines, corners, etc.). Second, when we observe a
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coefficient having a small amplitude, it will most likely be
because z is small, and then its neighbors will most likely
be small as well. Similarly, when we observe a large am-
plitude coefficient, it most likely indicates a large z (i.e.,
a high local-contrast feature), which means that its neigh-
bors will have a large variance. This is exactly what has
been reported to happen in real images [13].

3. NOISE COVARIANCE ESTIMATION

3.1. Image degradation model

For the degradation, we consider stationary zero-mean in-
dependent additive Gaussian noise of arbitrary autocovari-
ance aw. This produces zero-mean additive Gaussian noise
(w) in each subband of the pyramid, but with a different
noise covariance matrix Cw for each subband. The vector
of a neighborhood of noisy coefficients is y = x + w =√

zu + w. Being u and w Gaussian and independent,
py|z(y|z) is also Gaussian and the observation y, as x, is
an infinite mixture of Gaussian vectors:

py(y) =

∫ ∞

0

py|z(y|z) pz(z) dz. (1)

Without loss of generality we set E{z} = 1, which im-
plies Cx = E{z}Cu = Cu. Note also that Cx = Cy −
Cw. Then the covariance of y for a given z is Cy|z =
zCu + Cw = zCy + (1 − z)Cw, and we can write

py|z(y|z) =
exp

(
−yT (zCy + (1 − z)Cw)−1y/2

)

(2π)N/2|zCy + (1 − z)Cw|1/2

(2)

where N is the number of coefficients in the neighborhood
(9 in our case). The unknown features of py(y) (density
of the observed vectors for each subband) are the noise
covariance matrix Cw and the mixing density pz(z).

3.2. Estimating the model parameters

From an initial guess, we look for an updating rule such
that the likelihood of the observations according to the
model increases. We use the Q(Cw,Cold

w ) criterion [12]

Q =
M∑

m=1

∫ ∞

0

pz|y(z|ym;Cold
w ) log(p(ym, z;Cw))dz.

Using log(p(ym, z)) = log(py|z(ym|z))+log(pz(z)) and
noting that pz(z) does not depend on Cw, we express the
gradient of Q(Cw,Cold

w ) w.r.t. Cw as:

∂Q

∂Cw

=
M∑

m=1

∫ ∞

0

pz|y(z|ym;Cold
w )

∂log(py|z(ym|z;Cw))

∂Cw

dz.

After operating in the previous equation [9] we obtain:

∂Q

∂Cw

=
M

2

∫ ∞

0

pnew
z (z)(1 − z)C−1

z (I − ĈzC
−1

z )dz,

(3)

where

pnew
z (z) =

1

M

M∑

m=1

pz|y(z|ym; pold
z (z),Cold

w ) (4)

Cz = Cy|z = zCy + (1 − z)Cw (5)

Ĉz =

∑M
m=1

pz|y(z|ym; pold
z (z),Cold

w )ymyT
m∑M

m=1
pz|y(z|ym; pold

z (z),Cold
w )

.

I is the N -identity matrix and pnew
z (z) is estimated through

Eq. 4. The latter equation is formally identical to the
EM solution for Gaussian mixtures (e.g., [11]). Unfor-
tunately, equating the r.h.s. of Eq. 3 to 0 and solving for
Cw, as the maximization step of an EM method, is chal-
lenging. Instead we just search for a Cnew

w accomplishing
Q(Cnew

w ,Cold
w ) > Q(Cold

w ,Cold
w ). A possibility for up-

dating the estimate is following the gradient direction:

Cnew
w = Cold

w + η
∂Q(Cw,Cold

w )

∂Cw

|Cw=Cold
w

, (6)

where η represents a suitable scale factor. However, as the
evaluation of Q(Cw,Cold

w ) is costly, gradient ascent is not
an efficient solution. Instead, we observe: 1) Cz|z=0 =

Cw; and 2) Ĉz could be regarded as ML-estimates of
the covariance matrices Cz (Gaussian mixture EM solu-
tions [11]), if only those matrices were not coupled to each
other through Eq. 5. Thus, Ĉz|z=0 is a reasonable sub-
optimal estimate for Cw. Then, we choose the updating
rule:

Cnew
w =

∑M
m=1

p(0|ym; pold
z (z),Cold

w )ymyT
m∑M

m=1
p(0|ym; pold

z (z),Cold
w )

. (7)

Note that the posteriors p(0|ym) will only be significant
at the image locations where the noise clearly dominates
over the signal. We have found that Eq. 7, together with
Eq. 4, provides a very fast fitting of the model to the data.
However, Eq. 7 does not guarantee a monotonic increase
in Q, so it must be replaced by Eq. 6 for the rare cases
where it diminishes Q.

4. FULL BLIND DENOISING

For every wavelet subband, once we have estimated the
noise covariance and the mixing density, we apply the
BLS-GSM method [1] for cleaning it (BLS stands for Bayes
Least Squares). The final result is obtained by reconstruct-
ing an image from the processed subbands.
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We remind the reader the two basic assumptions made for
the noise: (1) it is additive, independent of the signal and
stationary (spatially homogeneous); and (2) it is Gaussian.
The second constraint can be relaxed in practice, because
the signal model can only represent the leptokurtotic (kur-
tosis > 3) component of the observation, and thus, any
remaining mesokurtotic (kurtosis ≤ 3) component is iden-
tified as noise by the model.

5. RESULTS AND DISCUSSION

In [8] we use simulations to demonstrate the performance
of this method. Here we focus on applying the algorithm
to real degraded images. We include noisy pictures cap-
tured using four different imaging devices. They, together
with their denoised counterparts, are shown in Fig.1. From
top to bottom, we label them as (a) to (d)1. (a) is the
result of scanning a printed image, presenting the typi-
cal Moiré artifacts. It was obtained from the web site of
NeatImage c©2. We see how the method performs well for
this regular and homogeneous degradation. (b) is an in-
frared video frame captured with an FPA IR video cam-
era. The main source of degradation is an interference
pattern, caused by a synchronism problem. This is an ex-
treme case, where the noise spectral density approaches
to a pair of deltas in Fourier. Nonetheless, the model is
still applicable, and the result is very satisfactory. (c) is
a digital photograph (Canon Powershot A70, 400 ISO)
taken at night, with poor artificial illumination. Digital
photographs are challenging for noise removal, because
their noise is strongly dependent on the signal [10], which
breaks our noise homogeneity assumption. Thus, for op-
timal results, a calibration of the noise generation features
of the camera is required [10]. Furthermore, the pictures
present occasional isolated stuck pixels, which also breaks
the mesokurtotic assumption for the noise. Still, we ob-
tain a strong noise reduction. Note the apparent decrease
in contrast of the denoised image. This is due to more
low frequency components of the signal becoming com-
patible with the mesokurtotic noise constraint as we go up
in scale to remove the low frequency noise. Thus, some
low frequencies of the signal are damped as well. (d) is an
Optical Coherence Tomography of a pig’s cornea. It is a
challenging example because of the spatial inhomogeneity
of the noise (smaller grains near the top). This provokes
that the cleaned image presents some remaining artifacts
at the areas where the local noise statistics differ from the
dominant ones.

1(a) and (c) were originally in color, whereas (b) was colored with
a palette for helping the termal interpretation (see the images in color at
the electronic version of these proceedings).

2That web site shows some spectacular denoising results. Note that,
unlike our denoising algorithm, their method requires human interven-
tion and/or previous calibration of the imaging devices.
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Observed AfterBlind BLS-GSMDenoising

Figure 1. Results obtained with four real noisy images. From top to bottom: (a) a printed image captured with a scanner; (b)
an infrared video frame suffering from electronic interference; (c) a digital photography captured under poor light conditions;
(d) an optical coherence tomography (OCT). Images have been zoomed and/or cropped for visibility of the artifacts. See text
for more information.
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