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Abstract. We describe a method for removing quantization artifacts
(de-quantizing) in the image domain, by enforcing a high degree of sparse-
ness in its representation with an overcomplete oriented pyramid. For this
purpose we devise a linear operator that returns the minimum L2-norm
image preserving a set of significant coefficients, and estimate the original
by minimizing the cardinality of that subset, always ensuring that the
result is compatible with the quantized observation. We implement this
solution by alternated projections onto convex sets, and test it through
simulations with a set of standard images. Results are highly satisfactory
in terms of performance, robustness and efficiency.

1 Introduction

Spatial quantization is part of the image capture with digital devices. Usually
artifacts (false contours and suppression of low-contrast texture) are close or
even below the visibility threshold, but they become evident in a number of
situations. For instance when stretching the local luminance range for detail
inspection, or when de-convolving quantized blurred images, mostly if there is
little random noise. It is also a useful step for local features extraction (e.g.,
luminance gradient) sensitive to those artifacts, for interpolating iso-level curves
in topographic or barometric maps, or for using a reduced number of bits per
pixel when there are not enough resources to perform image compression.

Surprisingly enough, de-quantizing in the image domain has received little at-
tention in scientific literature (exceptions are [1,2]). In contrast, transform quan-
tization has been widely treated, especially in the context of post-processing com-
pressed images (de-blocking), usually under orthogonal or bi-orthogonal trans-
forms (e.g., [3,4,5]), but also under overcomplete transforms (e.g., [6,7]). In this
work we propose to enforce a certain characterization of sparseness in the over-
complete wavelet domain as the base criterion of the restoration, always ensuring
that the estimated image is compatible with the quantized observation. The so-
lution is formulated as belonging to the intersection of two convex sets [8].
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2 Image Model

Linear representations based on multi-scale band-pass oriented filters (wavelets)
are well-suited for representing basic properties of natural images, such as scale-
invariance and the existence of locally oriented structures. Natural images typi-
cally produce sparse distributions of their wavelet coefficients. This means that
the energy of the image is mostly concentrated in a small proportion of coef-
ficients [9,10]. It has also been observed that overcomplete representations 1)
may produce sparser distributions than critically sampled wavelets [11]; and
2) being translation invariant, they typically provide better results for image
processing (e.g., [12,13]). For this work we chose the steerable pyramid [14],
an oriented overcomplete representation whose basis functions are rotated and
scaled versions of each other. In addition to marginal statistics in the wavelet
domain, many authors have exploited the dependency existing among neigh-
bor coefficients (e.g., [15,16,17,18]). We have considered this dependency when
selecting significant coefficients, in Section 4.1.

3 Enforcing Sparseness

Most degradation sources decrease the sparseness of the wavelet coefficients
(e.g., [19,20]). In an attempt to recover the high-sparseness condition of the
original, we devise an operator which increases the image sparseness by preserv-
ing a given subset of significant coefficients while minimizing the global L2-norm.
Now we describe this operator for overcomplete representations.

Let x ∈ R
N be an image and x′ = Φx its overcomplete representation. Φ is

an M ×N matrix (M > N) with each row φj representing an analysis function.
We assume that Φ preserves the L2-norm, ‖Φx‖ = ‖x‖, and that it has perfect
reconstruction, ΨΦx = x, where Ψ = (ΦT Φ)−1ΦT is the pseudoinverse of Φ.
Given an index set G of what we consider the M ′ most significant coefficients of
x′ (see Section 4.1), we define ΦG as the M ′ × N matrix formed by all φj row
vectors such that j ∈ G. Our sparseness-enforcing operator for that set is:

x̃(G,x) = arg min
z∈RN

‖z‖ s.t. ΦGz = ΦGx. (1)

Naming ΨG the pseudoinverse of ΦG, previous equation is equivalent to x̃(G,x) =
ΨGΦGx. We call SG = ΨGΦG. Note that, when rank(ΦG) = N the Equa-
tion (1) has a trivial solution, x. Thus, for SG to be of interest, we choose
M ′ < N . However, note that ΨG is not trivial to compute. In practice we have
applied the method of alternated projections (POCS), that states that itera-
tive orthogonal projections onto a number of intersecting convex sets converge
strongly to their intersection. We have used two convex sets: 1) the set of vectors
of coefficients having the same values as x for the indices in G, V (G,x) = {z′ ∈
R

M : z′j = φjx, ∀j ∈ G}; and 2) the set of admissible vectors of coefficients,
A(Φ) = {z′ ∈ R

M : ∃x0 ∈ R
N : z′ = Φx0}. The orthogonal projection onto the

first set is achieved by setting the coefficients with indices in G to their original
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values, leaving the rest unchanged: P⊥
V (G,x)(z

′) = D(G)x′ + (I(M) − D(G))z′,
where x′ = Φx, I(M) is the M × M identity matrix and D(G) is a M × M
diagonal matrix such that dii = 1 if i ∈ G and dii = 0 otherwise. For the other
set, the orthogonal projection consists of inverting the transform and applying
it again: P⊥

A(Φ)z
′ = ΦΨz′. The solution x̃(G,x) can be expressed as the inverse

transform of the minimum L2-norm vector belonging to the intersection of both
sets. So 1: x̃(G,x) = SGx = Ψ limn→∞(P⊥

A(Φ)P
⊥
V (G,x))

n(0). Since P⊥
V (G,x)(·) is

an affine orthogonal projector, superindex n indicates the number of iterative
compositions of the functions within the brackets, not a power.

4 Image De-Quantizing

Left panel of Figure 1 shows a joint histogram of the coefficients for a subband
of quantized Boat image vs. those of the original. It is normalized in amplitude
by columns to express the probability of the observed given the original. We can
see that low-amplitude coefficients are severely damaged whereas high-amplitude
coefficients are just slightly damped and contaminated with noise of nearly con-
stant variance. Right panel shows the same joint histogram, but normalized by
rows and transposed, so now it expresses an empirical measurement of the pos-
terior density of the original given the observation. We can also discriminate an
inner region, for which the posterior density is complicated, and an outer region,
where the original can be reliably estimated from the observation.

4.1 Selecting Significant Coefficients

According to the right panel of Figure 1, it seems natural to choose a threshold
to discriminate the inner from the outer region. Discarding the effect of the
prior density, it is also reasonable to choose, for each subband k, a threshold λα

k

proportional to the standard deviation of the noise caused by the quantization in
that subband, σk. That is, λα

k = ασk with α ∈ R
+, where σk can be estimated

analytically from the analysis functions, assuming that quantization noise is
white and uniform in density. However, a more reliable estimate can be obtained
through simulations, by measuring the variance for a set of quantized standard
images, and averaging these measurements (our choice). Once we have estimated
every σk for a certain quantization process, we can sweep the proportionality
factor α from 0 to ∞ to control the cardinality of G, as a sparseness index
of x̃(G,x). We have obtained better results for this task by considering that
a coefficient is significant if any coefficient within its neighborhood, including
itself, surpasses the amplitude threshold λα

k . For this work we have used a 5× 5
spatial neighborhood. Naming I0

k the set of indices of subband k and N(·) the
neighborhood set for a given index, the set of significant coefficients of k is:

Ik(α) = {i ∈ I0
k : i ∈ N(j); ∀j ∈ I0

k : |φjx| ≥ ασk},
and the total set of significant indices is: G(α) =

⋃K
k=1 Ik(α).

1 We have greatly accelerated convergence by using a linear prediction technique.
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Fig. 1. Normalized joint histograms of the coefficients of a subband from a quantized

image and from the original image. Left: degradation model (original in abscissas).

Right: Posterior density (quantized in abscissas).

4.2 Global Problem Formulation

Let’s consider an index set G(α) and let q(x) = y be a quantization process.
When applying our sparseness-enforcing operator, it exists the possibility that
q(SG(α)x) �= y. We must ensure that the final estimation belongs to Q(y) = {x ∈
R

N : q(x) = y}, the compatibility set for y. On the other hand, it is easy to check
that SG(α) is the orthogonal projector onto the set C(G(α)) = {x ∈ R

N : ∃x0 ∈
R

N s.t. x = SG(α)x0}, which represents the set of sparsified images obtained
with the set of indices G(α). This is a linear subspace. Its dimensionality is the
cardinality of G(α), which decreases as α increases. As we are looking for the
smallest possible set of significant coefficients, we search for the highest α such
that C(G(α)) still includes at least one image compatible with y:

α̂ = sup{α ∈ R
+ : C(G(α))

⋂
Q(y) �= ∅}. (2)

Calling T (α,y) = C(G(α))
⋂

Q(y), we choose our final estimate to be the ele-
ment of T (α̂,y) closest to the observation y: x̂ = P⊥

T (α̂,y)(y), where P⊥
T (α̂,y) is

a (non-linear) orthogonal projection function. In contrast with most estimators
used in restoration, this preserves all the information carried by the observation.

4.3 POCS-Based Solution

As Q(y) and C(G(α)) are both convex sets, we can compute our estimation for
a given α, noted x̂α, through alternated orthogonal projections. The orthogonal
projection onto Q(y) can be defined as z = P⊥

Q(y)(x), with

zi =

⎧
⎨

⎩

xi, yi − δi

2 < xi ≤ yi + δi

2

yi − δi

2 + ε, xi ≤ yi − δi

2

yi + δi

2 , yi + δi

2 < xi
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where δi are each quantization interval width and ε ∈ R
+ (ideally infinitesimal)

is an artifice to achieve empty intersection between adjacent closed intervals.
Therefore, our estimation for a given α is: x̂α = limn→∞(P⊥

Q(y)SG(α))ny. We
use a line search to find the highest factor α̂ for which previous limit converges.

4.4 An Efficient Approximated Solution

We have verified two very positive facts. First, that the factor α̂ closely match
the LSE hand-optimized factor in simulations. Second, that α̂ is remarkably con-
stant for different images (typically ranging between 4 and 5), under the same
linear representation and the same quantization. Thus we have used, instead of
a different α̂ each time, an averaged value computed off-line for a collection of
standard images. Doing that, we save around one order of magnitude in compu-
tation time (which becomes close to 10 s. for 2562 images and to 50 s. for 5122,
with our MATLAB implementation using a 3.4 Ghz Pentium IV CPU), whereas
decrease in Signal-to-Noise Ratio is only around 0.10 dB. We note that when
the average factor is higher than the optimal value, Q(y) and C(G(α)) do not
intersect, and then POCS provides a LS-optimal solution.

5 Results and Discussion

We have tested our method on a set of ten 8-bit grayscale standard images, of
2562 pixels (Lena, Peppers, Cameraman, Einstein, House) and 5122 (Barbara,
Boat, Goldhill, Plane, Windmill). We have used the steerable pyramid [14] with
6 scales and 4 orientations. Figure 2 shows the increase in Signal-to-Noise Ratio
(ISNR) of the processed images w.r.t. the observations for a range of quantization
bits. Improvement is remarkable, especially in the medium range. There is a
sudden descent in performance in the fine quantization range that we have not
completely explained yet.

Fig. 2. Increment in SNR (ISNR), expressed as 10 · log10(σ
2
q/σ2

r), where σ2
q and σ2

r are

the MSE for observation and estimation, respect., and for several quantization bits
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Table 1. Results of our method for 3 and 4 bit quantization, showing the increment

w.r.t. the original in Signal-to-Noise-Ratio (in dB) and also in the Structural Similarity

Index (×100) [21]

Bits Metric Ref. Barbara Boat Lena Peppers

3 ISNR 28.74 2.29 2.24 1.93 2.01
ISSIM 80.53 7.29 6.03 6.71 7.48

4 ISNR 34.77 1.91 0.86 1.54 1.38
ISSIM 90.10 3.70 0.85 3.24 3.05

Fig. 3. Some visual results. Left: Observation. Center: Comparison method. Right: Our

method. See text for details.

Table 1 shows numerical results for quantization using 3 and 4-bits. We
also include the increase in the Structural Similarity Index (SSIM) [21], a
perceptually-inspired metric taking values in the range [0,1]. First column shows
the averaged PSNR/SSIM values of the observation (SSIM values multiplied
times 100). There is a very significant improvement under both metrics. First
row of Figure 3 shows a cropped result using 3 bits. We have implemented a
method (central panel) to help us as a reference, based on a similar strategy
than [2]: a gradient-descent in the L2-norm of the output of a high-pass (Lapla-
cian) filter applied to the image, each time projecting the updated image onto
the compatibility set Q(y). Our result (right panel) is 1.30 dB above, confirm-
ing once again that sparseness-based solutions are more powerful than classical
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Fig. 4. Left. Detail of the sky of a real 8-bits photographic picture (amplified contrast).

Right. Same detail in the picture after processed by our method.

smoothness-based approaches. Second row shows another example. The same im-
age is blurred with a Gaussian kernel (σb =

√
2), corrupted with noise (σn = 2)

and then quantified with 3 bits. Central panel shows the results from a general
purpose maximum-likelihood semi-blind deconvolution method (deconvblind
in MATLAB), passing the Point Spread Function as argument but not the vari-
ance of the noise. Right panel shows the deconvolution after de-quantizing the
observation. The suppression of artifacts is very noticeable (1.18 dBs ISNR, 0.13
ISSIM). It is remarkable that we have obtained for the image in the right panel
the same SSIM (0.70) w.r.t. the original as for the result of applying the decon-
volution directly to the unquantized blurred and noisy image. Figure 4 shows
removal of low-contrast artifacts in a 8-bit image.

To conclude, we have presented an automatic sparseness-based practical tool
for removing pixel quantization artifacts which provides close to LS-optimal
results. We still have to further investigate the causes for the drop in performance
on the fine quantization range.
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