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ABSTRACT

In this paper the blind deconvolution problem is formulated
using the variational framework. With its use approximations of
the involved probability distributions are developed resulting in
two algorithms for the estimation of the posterior distributions of
the hyperparameters, the blur, and the original image. The perfor-
mance of the two proposed restoration algorithms is demonstrated
experimentally.

1. INTRODUCTION

Blind deconvolution refers to a class of problems of the form

g = h ∗ f + n, (1)

wheref, g, h, andn represent respectively the unknown original
image, the observed image, the unknown point spread function
(PSF) and the observation noise, and the operator(∗) denotes 2-
D convolution. The objective of blind deconvolution is to obtain
estimates ofh andf based ong and prior knowledge about the
unknown quantities and the noise.

There are two main approaches to the blind deconvolution
problem [1, 2]. With the first one, the PSF is identified separately
from the original image and later used in combination with one of
the known image restoration algorithms, while in the second ap-
proach the estimation of the blur is incorporated into the restora-
tion procedure. Within the second approach, most methods tackle
the blind deconvolution problem by incorporating prior knowledge
about the image and blur into the deconvolution process. Recently
Miskin and MacKay [3], Adami [4] and Likas and Galatsanos [5]
have tackled this problem using the variational approach to the ap-
proximation of probability distributions [6, 3]. This approach at-
tempts to approximate posterior distributions using the Kullback-
Leibler cross-entropy [7].

Using the variational framework to approximate probability
distributions, we develop in this paper two estimates of the poste-
rior distributions of the hyperparameters, blur, and restored image
in blind deconvolution problems and re-examine the model pro-
posed in [8] using the variational approach to distribution approx-
imation.

The paper is organized as follows. In section 2 we describe
the Bayesian modelling and inference for the blind deconvolution
problem. Section 3 describes the variational approach to distribu-
tion approximation. Section 4 proposes two approximations of the
posterior distribution of the image and blurring function as well as
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the hyperparameters, based on the variational approach. Finally, in
section 5 experimental results are shown and section 6 concludes
the paper.

2. BAYESIAN MODELLING AND INFERENCE

Our prior knowledge about the smoothness of the object luminos-
ity distribution makes it possible to model the distribution off by
a CAR [9], that is,

p(f |αim) ∝ α
N/2
im exp

˘
−1

2
αim ‖ Cf ‖2}, (2)

whereC denotes the Laplacian operator,N is the size of the image
column vector resulting from its lexicographic ordering by rows,
andα−1

im is the variance of the Gaussian distribution.
We will use the same model for the PSF, that is

p(h|αbl) ∝ α
M/2
bl exp

˘
−1

2
αbl ‖ Ch ‖2}, (3)

whereM is the assumed known size of the support of the blur,h is
a column vector of sizeN , andα−1

bl is the variance of the Gaussian
distribution.

A simplified but realistic degradation model for blind decon-
volution is the one defined in Eq. (1) with the unknown blur ap-
proximated by a block circulant matrix and the Gaussian noise
n(x) having zero mean and varianceβ−1.

Then, the probability of the observed imageg if f andh were
respectively the ‘true’ image and blur is equal to

p(g | f, h, β) ∝ βN/2 exp

»
−1

2
β ‖g −Hf‖2

–
∝ βN/2 exp

»
−1

2
β ‖g − Fh‖2

–
,

where we have usedH to denote theN × N blurring matrix cor-
responding to the blurring vectorh andF to denote theN × N
convolution matrix corresponding tof .

An important problem arises whenαim, αbl, andβ are un-
known. To deal with the estimation of these hyperparameters the
hierarchical Bayesian paradigm introduces a second stage (the first
stage consists of the formulation of p(g|f, h, β), p(f |αim) and of
p(h|αbl)). In this stage the hyperprior p(Ω) on the so called hy-
perparameter vector,Ω = (αim, αbl, β), is also formulated, re-
sulting in p(Θ) = p(αim, αbl, β)p(f |αim)p(h|αbl), with Θ =
(αim, αbl, β, f, h) the set of unknown in our blind deconvolution
problem.



Let us assume that each of the hyperparameters has the fol-
lowing gamma distribution

p(ω) = Γ(ω|aω, bω) =
ba

Γ(a)
ωa−1 exp[−b ω], (4)

whereω > 0 denotes a hyperparameter, i.e.,ω ∈ Ω, b > 0 is the
inverse scale parameter anda > 0 is the shape parameter. This
distribution has the following properties

E[w] =
a

b
and V ar[w] =

a

b2
. (5)

The Bayesian paradigm dictates that inference onΘ should be
based on p(Θ | g) given by

p(Θ | g) =
p(g | Θ)p(Θ)

p(g)
∝ p(g | Θ)p(Θ). (6)

3. VARIATIONAL APPROACH TO BAYESIAN
INFERENCE

Since p(Θ | g) cannot be easily calculated, following the vari-
ational approach to distribution approximation, we approximate
now this posterior distribution p(Θ | g) by the distribution

q(Θ) = q(Ω)q(f)q(h), (7)

where q(f) and q(h) denote distributions onf andh, respectively,
and q(Ω) is usually given by

q(Ω) = q(αim)q(αbl)q(β). (8)

Note that once p(Θ | g) has been approximated by q(Θ) we
can use q(Ω), q(f), and q(h) to select single values of the hy-
perparameters, blur, and image (for instance their mean or mode
values), but more importantly we can also examine the quality of
those estimates by studying their corresponding distributions.

The criterion we use to find q(Θ) is the minimization of the
Kullback-Leibler divergence [7]:

CKL(q(Θ) ‖ p(Θ|g))=

Z
Θ

q(Θ) log

„
q(Θ)

p(Θ, g)

«
dΘ + const. (9)

We note that this quantity is always non negative and takes the
value zero only when q(Θ) = p(Θ|g).

For θ ∈ Θ, let us denote byΘθ the subset ofΘ with θ re-
moved; for instance, ifθ = f , Θf = (Ω, h). Then we can write

CKL(q(θ)q(Θθ) ‖ p(Θ|g)) = const+Z
θ

q(θ)

„Z
Θθ

q(Θθ) log

„
q(θ)q(Θθ)

p(θ, Θθ, g)

«
dΘθ

«
dθ. (10)

Given q(Θθ), in order to obtain

q̂(θ) = arg min
q(θ)

CKL (q(θ)q(Θθ)) ‖ p(Θ|g)) , (11)

we differentiate Eq. (10) with respect to q(θ) to obtain, see Eq. (2.28)
of [3],

q̂(θ) = const× exp
“
E [ log p(Θ)p(g|Θ) ]q(Θθ)

”
, (12)

where

E [log p(Θ)p(g|Θ)]q(Θθ)=

Z
log p(Θ)p(g | Θ)q(Θθ)dΘθ. (13)

The above equations suggest the following iterative procedure
to find q(Θ).

Algorithm 1
Given q1(h) and q1(Ω), current estimates of the distributions q(h),
q(Ω),
For k = 1, 2, . . . until a stopping criterion is met:

1. Find qk(f) = arg minq(f) CKL(qk(Ω)q(f)qk(h) ‖
p(Θ|g)),

2. Find qk+1(h) = arg minq(h) CKL(qk(Ω)qk(f)q(h) ‖
p(Θ|g)),

3. Find qk+1(Ω) = arg minq(Ω) CKL(q(Ω)qk(f)qk+1(h) ‖
p(Θ, h|g))

4. VARIATIONAL APPROXIMATIONS OF THE
POSTERIOR DISTRIBUTION FOR BLIND

DECONVOLUTION PROBLEMS

In the previous section we have studied how the variational ap-
proach could be used in general to tackle the blind deconvolution
problem. We now see how the method performs in practice.

CASE I: Let us first assume thatΩ = (αim, αbl, β) is known
and proceed to estimate q(f) and q(h). Let us now assume that
qk

BR(h) = N (h| Ek
BR(h), covk

BR(h)), where we are using the
subscriptBR to denote that the distributions onh (anf ) are ran-
dom andE[·] andcov(·) denote respectively the mean and covari-
ance of the normal distribution. Then, from Eq. (12) we have that

qk
BR(f) = N

“
f | Ek

BR(f), covk
BR(f)

”
, (14)

In order to calculate the mean and covariance of the normal
distribution we note that they are given by

∂2 log qk
BR(f)

∂f
=0, −∂22 log qk

BR(f)

∂f2
=[covk

BR(f)]−1, (15)

and so we obtain

Ek
BR(f)=

“
αimCtC+βEk

BR(H)
t
Ek

BR(H)+βcovk
BR(h)

”−1

×

βEk
BR(H)

t
g, (16)

covk
BR(f)=

“
αimCtC+βEk

BR(H)
t
Ek

BR(H) + βcovk
BR(h)

”−1

.

(17)
Once qk(f) has been calculated, following the same steps we

obtain that

qk+1
BR (h) = N

“
h | Ek+1

BR (h), covk+1
BR (h)

”
, (18)

with

Ek+1
BR (h)=

“
αblC

tC+βEk
BR(F )

t
Ek

BR(F )+β[covk
BR(f)]

”−1

×

βEk
BR(F )tg, (19)

covk+1
BR (h)=

“
αblC

tC+βEk
BR(F )

t
Ek

BR(F )+β[covk
BR(f)]

”−1

.

(20)
Although from Eq. (12) we know how to calculate the best

forms of q(f) and q(h), in K-L divergence sense, we also examine
the case of suboptimal choices of these distributions by assuming
that q(f) and q(h) are degenerate distributions, that is, probability
distributions assigning probability one to just one value.



Following the same steps as in the previous section and taking
into account that the distributions onf andh are degenerate, we
can calculateEk

BD(f) andEk+1
BD (h) (we use the subscriptBD to

denote that the distributions off andh are both deterministic) by
simply settingcovBR(f) andcovBR(h) to zero in Eqs. (14)–(20).

It is very interesting to note that the iterative procedure result-
ing in this case is the same as the one proposed in [8] to jointly find
the image and blurring functions in blind deconvolution problems.

CASE II: Let us now assume that the hyperparameter vector
Ω = (αbl, αim, β) is unknown and try to estimate it. Then, in or-
der to findqk+1(ω), ω ∈ Ω, in step 3 of Algorithm 1 we have
qk+1(ω) = Γ(ω|ak+1

ω , bk+1
ω ), where the parametersak+1

ω and
bk+1
ω defining qk+1(ω) are given by

ak+1
αim = aαim +

N

2
(21)

bk+1
αim = bαim +

1

2
E

ˆ
‖ Cf ‖2˜

qk(f)
(22)

ak+1
αbl = aαbl +

M

2
(23)

bk+1
αbl = bαbl +

1

2
E

ˆ
‖ Ch ‖2˜

qk+1(h)
(24)

ak+1
β = aβ +

N

2
(25)

bk+1
β = bβ +

1

2
E

ˆ
‖ g −Hf ‖2˜

qk(f)qk+1(h)
(26)

The process of re-estimating the image and blur onceqk+1(ω),
ω ∈ Ω, has been found coincides with the previously described
one by Eqs. (16), (17), (19), and (20) using now as known hyper-
parameters the mean values of the distributions qk+1(ω). These
mean values are given by (see Eq. (5)),

E[αim]−1

qk+1(αim)
= γαim

1

αim
+ (1− γαim)

E
ˆ
‖ Cf ‖2

˜
qk(f)

N
(27)

E[αbl]
−1

qk+1(αbl)
= γαbl

1

αbl
+ (1− γαbl)

E
ˆ
‖ Ch ‖2

˜
qk+1(h)

M
(28)

E[β]−1

qk+1(β)
= γβ

1

β
+ (1− γβ)

E
ˆ
‖ g −Hf ‖2

˜
qk(f)qk+1(h)

N
(29)

whereω, ω ∈ Ω, is the mean of the prior distribution ofω, that is,
ω = aω/bω, see Eqs. (4) and (5), and

γαim =
aαim

aαim + N
2

, γαbl =
aαbl

aαbl + M
2

, γβ =
aβ

aβ + N
2

. (30)

We note now thatγαim , γαbl , andγβ can be understood as nor-
malized confidence parameters taking values in the interval[0, 1).
That is, when they are zero no confidence is put on the given pa-
rametersαim, αbl andβ, while when the corresponding normal-
ized confidence parameter is one it fully enforces the prior knowl-
edge of the mean (no estimation of the hyperparameters is per-
formed).

The only remaining task is the calculation ofE
ˆ
‖ Cf ‖2

˜
qk(f)

,

E
ˆ
‖ Ch ‖2

˜
qk+1(h)

, andE
ˆ
‖ g −Hf ‖2

˜
qk(f)qk+1(h)

in Eqs.

(27)–(29). For the caseh andf are random we have

E
ˆ
‖ Cf ‖2˜

qk
BR

(f)
=‖ CEk

BR(f) ‖2 +trace(CtCcovk
BR(f))

(a) (b) (c)

(d) (e) (f)

Fig. 1. (a) Original “Lena” image, (b) Degraded image, (c)
Restoration by MLE method. Restorations for (d) BR approxima-
tion with γω = 0.0, ω ∈ Ω, (e) BD approximation forγβ = 1.0,
γαim = 1.0 and γαbl = 0.8, and (f) BR approximation for
γβ = 1.0, γαim = 0.5 andγαbl = 1.0.

E
ˆ
‖ Ch ‖2˜

qk+1
BR

(h)
=‖ CEk+1

BR (h) ‖2 +trace(CtCcovk
BR(h))

E
ˆ
‖ g −Hf ‖2˜

qk
BR

(f)qk+1
BR

(h)
=‖ g − Ek+1

BR (h)Ek
BR(f) ‖2

+ trace(covk
BR(f)covk+1

BR (h))

+ trace(Ek
BR(F )tEk

BR(F )covk+1
BR (h))

+ trace(Ek+1
BR (H)tEk+1

BR (H)covk
BR(f))

whereEk
BR(f), covk

BR(f), Ek+1
BR (h) andcovk+1

BR (h) have been
defined in Eqs. (16), (17), (19), and (20), respectively.

For the caseq(f) andq(h) are degenerate distributions, the
covariances in the above equations are set equal to zero.

5. EXPERIMENTAL RESULTS

A number of experiments have been performed with the proposed
methods using several images and PSFs. The results of some of
them are presented here. Since we have developed two different
approximations of the conditional distributions off andh, namely
BR and BD, and the hyperparameters,Ω, given the observed im-
age,g, we will present results for both of them on a synthetically
degraded image.

For the experiments, the “Lena” image (depicted in Fig. 1(a))
was blurred with a Gaussian shaped PSF with variance9. Gaus-
sian noise of varianceβ−1 = 16 was added to obtain the degraded
image depicted in Fig. 1(b) with a resulting signal-to-noise ratio
(SNR) of 20dB that was used as input image for the proposed
methods.

For comparison we calculated the restoration obtained by the
Maximum Likelihood Estimator(MLE) described in [10] to simul-
taneously estimate the parameters and restoration assuming that
the blur is known, resulting in the restored image presented in
Fig. 1(c). The estimated value for the parameters wereE[β] =
1/15.93 andE[αim] = 1/684.9 resulting in an improvement in
SNR (ISNR) of2.48dB.

The initial distributions in the BR algorithm were chosen as
follows: The observed image was used as initial estimation for
E0(f). A Gaussian distribution with mean,E1(h), a Gaussian
shaped PSF with variance0.009 and covariance matrix equal to



Table 1. Some representative values obtained for the parameters
and ISNR for the Lena image usingβ = 1/15, αim = 1/206
αbl = 4× 108 and different values ofγω, ω ∈ Ω.

BD approximation
γβ γαimγαbl E[β] E[αim] E[αbl] ISNR (dB)
0.0 0.0 0.0 1/1949.56.1×107 1.6×1022 -8.36
0.0 1.0 0.8 1/15.2 1/206 3.3× 108 2.09
1.0 1.0 0.8 1/15 1/206 3.3× 108 2.11

BR approximation
γβ γαimγαbl E[β] E[αim] E[αbl] ISNR (dB)
0.0 0.0 0.0 1/16.2 1/794 5.2× 108 0.88
0.0 0.6 1.0 1/16.5 1/217 4× 108 2.08
1.0 0.5 1.0 1/15 1/223 4× 108 2.11

zero was chosen as initial distribution for the PSF, q1(h). To obtain
a value forβ andαim we run the MLE method in [10] using a
Gaussian shaped PSF with variance4 as ‘true’ PSF. Also, a value
of αbl = 4 × 108 was empirically chosen. We chose a set of
eleven values ranging from0 to 1 for the confidence parameters,
γω, ω ∈ Ω.

The initial valuesE1[β], E1[αim] andE1[αbl] were then cal-
culated using Eqs. (27)–(29), assuming a BD approximation and
usingE0(f) andE1(h) as described above. For all the experi-
ments, the criterion‖ Ek(f) − Ek−1(f) ‖2 / ‖ Ek−1(f) ‖2<
10−4 was used for terminating the iterative procedure.

Results are summarized in Table 1. This table shows that
the BD approximation converges to the trivial solution,E(f) =
const, E(h) = const, when the confidence parameters are close
to zero while the BR approximation does not show this behavior.

When the solution is forced to be apart from the trivial solu-
tions (using a confidence value onαim andαbl greater that zero)
both methods give useful and very similar solutions in terms of
ISNR and visual quality.

The noise parameterE[β] is always accurately estimated re-
gardless of the confidence on the parameters value (except when
the trivial solutionE(f) = const, E(h) = const is obtained).
The introduction of information on the expected value of this pa-
rameter does not produce a significant increase on the ISNR.

Note that the BD approximation is not able to estimateE[αim]
andE[αbl] accurately if no information about the parameter value
is introduced. However, the BR approximation provides a good
solution when all confidence parametersγω, ω ∈ Ω, are set equal
to zero, although better results are obtained if some information
about the expected value ofE[αim] and especiallyE[αbl] is pro-
vided. Note also that the obtained values forE[αim] when no in-
formation about the parameters value is provided is similar to the
ones obtained by the MLE method for the known PSF case. In our
experiments we found that there is almost no ISNR variation when
moving the noise parameter confidence,γβ , from 0 to 1, while in-
creasing the confidence parameters onαim and especially onαbl

also increases the ISNR.
Restorations for different values of the confidence parameters

are depicted in Fig. 1(d)-(f). A cut of the central part of their cor-
responding PSF estimates is shown in Fig. 2. From the displayed
images it is clear that all approximations give almost indistinguish-
able restorations, visually and from an ISNR point of view and
quite close to the restoration obtained by MLE (see Fig. 1(e)-(f)).
All the estimated PSFs for those cases approximate quite well the
real PSF. On the other hand, when usingγω = 0, ω ∈ Ω with the
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Fig. 2. A central cut of the PSFs for the Lena image.

BD approximation, the method converges to the trivial solution
E[f ] ∼ const, E[h] ∼ const. However, the BR approximation
provides a valid solution (see fig. 1(d)) although it is noisier and
not all the blur has been successfully removed.

6. CONCLUSIONS

Two new methods for the simultaneous estimation of the image,
blur, and unknown hyperparameters in blind deconvolution prob-
lems have been proposed, based on the variational approach to
distribution approximation. Using this approach we can approx-
imate the posterior distribution of the image and blurring function,
as well as, the unknown hyperparameters. The proposed methods
have been validated experimentally.

7. REFERENCES

[1] D. Kundur and D. Hatzinakos, “Blind image deconvolution,”
IEEE Sig. Proc. Mag., vol. 13, no. 3, pp. 43 – 64, 1996.

[2] D. Kundur and D. Hatzinakos, “Blind image deconvolution
revisited,” IEEE Sig. Proc. Mag., vol. 13, no. 6, pp. 61 – 63,
1996.

[3] J. Miskin, Ensemble Learning for Independent Component
Analysis, Ph.D. thesis, Astrophysics Group, University of
Cambridge, 2000.

[4] K.Z. Adami, “Variational methods in bayesian deconvolu-
tion,” PhyStat2003, eConf C030908, 2003.

[5] A. C. Likas and N. P. Galatsanos, “A variational approach for
bayesian blind image deconvolution,”IEEE Trans. on Signal
Processing, vol. 52, no. 8, pp. 2222 – 2233, 2004.

[6] M. I. Jordan, Z. Ghahramani, T. S. Jaakola, and L. K. Saul,
An Introduction to Variational Methods for Graphical Mod-
els, pp. 105 – 162, MIT Press, 1998.

[7] S. Kullback, Information Theory and Statistics, Dover Pub-
lications, 1959.

[8] Y. L. You and M. Kaveh, “A regularization approach to joint
blur and image restoration,”IEEE Trans. on Image Process-
ing, vol. 5, no. 3, pp. 416 – 428, 1996.

[9] B. D. Ripley, Spatial Statistics, pp. 88 – 90, John Wiley,
1981.

[10] R. Molina, “On the hierarchical Bayesian approach to im-
age restoration. applications to astronomical images,”IEEE
Trans. on Pat. Anal. and Mach. Intell., vol. 16, no. 11, pp.
1122 – 1128, 1994.


