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We describe an efficient generalized expectation maxi-
mization algorithm for estimating the spectral features of a
noise source corrupting an observed image. We use a sta-
tistical model for images decomposed in an overcomplete
oriented pyramid. Each neighborhood of clean pyramid co-
efficients is modelled as a Gaussian scale mixture, whereas
the noise is assumed Gaussian. Combining this GEM tech-
nique with a previous Bayesian denoise estimator, we obtain
a full blind denoising algorithm, able to deal with homoge-
neous, Gaussian or mesokurtotic, noise sources of arbitrary
covariance. Results demonstrate the high performance of
the method for a wide range of corruption sources.

1. INTRODUCTION

Characterizing the noise from a single observation of a cor-
rupted signal is a challenging task that strongly conditions
the performance of any subsequently applied restoration me-
thod. Traditionally, most estimation methods assume addi-
tive Gaussian white noise. The whiteness assumption al-
lows to estimate the noise variance using a decorrelating
linear transform (e.g., Fourier, wavelet, PCA) for decou-
pling signal and noise, according to their different spec-
tral features. To this kind of methods belongs the classical
approach of estimating the noise variance as the smallest
eigenvalue of the sample covariance matrix, or, in a more
advanced version, the use of a robust statistic at the output
of a high-pass wavelet subband [1]. However, a flat noise
spectral response is a fairly unrealistic assumption in most
practical cases. Electronic engineers know that most ad-
ditive random perturbations present significant correlation
patterns. Two examples are noise in digital cameras and
interference artifacts in video reception and reproduction.
Therefore, we can only expect high-performance denoising
with real images after having included the noise covariance
in the degradation model. Note that in order to distinguish
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a signal from arbitrarily colored noise we must rely on dif-
ferences in their higher-order statistics. Particularly, if we
consider that the noise is Gaussian, then the image model
must be non-Gaussian.

In previous works, we have described a model for vec-
tors of coefficients using scale mixtures of Gaussians in
overcomplete oriented pyramids [2]. Related models have
been developed by other groups (e.g. [3, 4]). We have ap-
plied it to estimate images in the presence of independent
additive Gaussian noise of known covariance [5, 6]. The re-
ferred image-plus-degradation model has the two required
features pointed out above: 1) it captures significant higher-
order statistics present in natural images; and 2) it considers
noise with arbitrary covariance. However, assuming prior
knowledge of the noise covariance results in severe limita-
tions when applying the algorithm in many practical situa-
tions, where this information is not available.

In this paper we propose a generalized expectation max-
imization (GEM) method within the image-plus-degradation
model frame described in [6]. This method provides good
approximations to the most likely noise covariance matrices
for every observed pyramid subband. Incorporating these
estimates into the method described in [6], results in a full
blind denoising method, applicable to any Gaussian or meso-
kurtotic, homogeneous additive perturbation, regardless of
its power spectral density. We have tested its performance
with both simulations (low-pass, high-pass and band-pass
noise) and with real corrupted images, obtaining very satis-
factory results. Besides blind denoising, another possibility
is to use the noise spectral characterization for automatic
quality assessment (a ”noise meter”).

2. A MODEL FOR NOISY IMAGES

Multi-scale oriented subband representations are widely
spread tools in the image processing field. For noise re-
moval, overcomplete pyramids (e.g. [7, 6]) have demon-
strated higher performance than orthogonal wavelets. This
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is a consequence of being translation-invariant and redun-
dant [8, 9]. Any overcomplete oriented pyramid can be used
to apply the method described here (see implementation in
section 5).

For each coefficient belonging to a subband in the pyra-
mid, we consider a neighborhood of coefficients around it.
We have used a 3 × 3 neighborhood within the same sub-
band for the results shown in this paper1. For each subband
we use a Gaussian scale mixture (GSM) to model the statis-
tics of the neighborhoods of clean coefficients grouped in
vectors. A Gaussian scale mixture [10] x =

√
zu is the

product of a zero-mean Gaussian vector u and an indepen-
dent positive scalar random variable

√
z. Marginal and joint

statistics of GSM distributions are qualitatively similar to
those of neighbor coefficients in oriented pyramids respond-
ing to real images, respect to their high kurtosis and the pos-
itive correlation in amplitude among neighbors [2]. For the
degradation, we consider zero-mean independent additive
Gaussian noise of arbitrary autocovariance aw. This pro-
duces zero-mean additive Gaussian noise (w) in each sub-
band of the pyramid, but with a different noise covariance
matrix Cj

w for each subband j 2. The vector of a neighbor-
hood of observed coefficients is, then:

y = x + w =
√

zu + w. (1)

Being u and w Gaussian and independent, pj
x(x|z) and

pj
y|z(y|z) are also Gaussian and both the original x and the

observation y are infinite mixtures of Gaussian vectors:

pj
y(y) =

∫ ∞

0

pj
y|z(y|z) pj

z(z) dz (2)

(analogous for pj
x(x)). Without loss of generality we set

E{z} = 1, which implies Cj
x = Cj

u. Note also that Cj
x =

Cj
y−Cj

w. Then the covariance of y for a given z is C
j
y|z =

zCj
u + Cj

w = zCj
y + (1 − z)Cj

w, and

pj
y|z(y|z) =

exp
(
−yT (zCj

y + (1 − z)Cj
w)−1y/2

)

(2π)N/2|zCj
y + (1 − z)Cj

w|1/2
(3)

where N is the number of coefficients in the neighborhood
(9 in our case). The unknown features of pj

y(y), then, are
the noise covariance matrix Cj

w and the mixing density pj
z(z).

3. ESTIMATING THE MODEL PARAMETERS

At this point, we have a model able to represent significant
statistics of a wide range of degraded images. We have pre-
viously developed a Bayesian procedure to estimate x from

1It is also possible to include neighbors from different subbands [6].
2There is a simple relationship between aw and the C

j
w’s [6], although

when doing blind denoising we do not know aw a priori. Instead, we may
be interested in obtaining aw from {Cj

w}.

each observation y [6]. The only piece missing to complete
a full blind denoising algorithm is a method for estimat-
ing, from a single corrupted image, the unknown features
{Cj

w, pj
z(z)}. We will use initial estimates on these pa-

rameters and will update them iteratively, providing that the
likelihood increases at each step (generalized expectation-
maximization). From now on, we will focus on the esti-
mates for a single subband, and we will drop the superindices
j. We will fit the model to M j non-overlapping observa-
tions, {ym, m = 1...M}, considering them as independent
realizations of py(y).

3.1. Mixing density pz(z)

Previous works using a hidden multiplier for describing the
observations have typically used a parametric prior for de-
scribing its density (e.g. a log-normal function [5], an ex-
ponential function [4], or a fixed non-informative prior [6,
11]). However, we have experienced that a more accurate
estimation of pz(z) is necessary when additional unknown
parameters are to be estimated (Cw, in our case).

Although we do not show it here for lack of space, it
is easy to demonstrate that the classical EM solution used
to ML-estimate the probability mass of each index k for a
finite mixture of K densities (see, e.g., [12]) also applies
for infinite Gaussian scale mixtures, each z value playing
the same role as the index k in the discrete mixture:

pnew
z (z) =

1

M

M∑

m=1

pz|y(z|ym; pold
z (z)) (4)

= pold
z (z)

1

M

M∑

m=1

py|z(ym|z)∫ ∞

0
py|z(ym|α) pold

z (α) dα
,

where the Bayes rule has been applied to express the poste-
riors in terms of the known densities py|z(y|z) and pold

z (z).

3.2. Noise covariance matrix Cw

Starting with an initial guess, we look for an updating rule
such that the likelihood of the observations according to the
model increases. We use the Q(Cw,Cold

w ) criterion [13]

Q =

M∑

m=1

∫ ∞

0

pz|y(z|ym;Cold
w ) log(p(ym, z;Cw))dz,

where we have made explicit the dependencies on Cw and
Cold

w . Using log(p(ym, z;Cw)) = log(py|z(ym|z;Cw)) +
log(pz(z;Cw)) and noting that pz(z) does not depend on
Cw, we express the gradient of Q(Cw,Cold

w ) w.r.t. Cw as:

∂Q

∂Cw

=
M∑

m=1

∫ ∞

0

pz|y(z|ym;Cold
w )

∂log(py|z(ym|z;Cw))

∂Cw

dz.
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After operating in the previous equation [14] we obtain:

∂Q

∂Cw

=
M

2

∫ ∞

0

pnew
z (z)(1 − z)C−1

z (I − ĈzC
−1

z )dz,

(5)

where

Cz = Cy|z = zCy + (1 − z)Cw (6)

Ĉz =

∑M
m=1

pz|y(z|ym; pold
z (z),Cold

w )ymyT
m∑M

m=1
pz|y(z|ym; pold

z (z),Cold
w )

. (7)

I is the identity matrix of dimensions N×N and pnew
z (z) is

estimated through Eq. 4 (where the posteriors are obtained
using Cold

w ). Unfortunately, equating the r.h.s. of Eq. 5 to
zero and solving for Cw, as the maximization step of an
EM method, is a difficult task. Instead we just search for
a Cnew

w accomplishing Q(Cnew
w ,Cold

w ) > Q(Cold
w ,Cold

w ).
An obvious possibility for updating the estimate is follow-
ing the gradient direction:

Cnew
w = Cold

w + η
∂Q(Cw,Cold

w )

∂Cw

|Cw=Cold
w

, (8)

where η represents a suitable scale factor. However, as the
evaluation of Q(Cw,Cold

w ) is computationally costly, gra-
dient ascent is not an efficient solution in this case. Instead,
we observe that: 1) Cw = Cz|z=0; and 2) Ĉz could be
regarded as ML-estimates of the covariance matrices Cz

(Gaussian mixture EM solutions [12]), if only those ma-
trices were not coupled to each other through Eq. 6. Thus,
Ĉz|z=0 is a reasonable (but not optimal) estimate of Cw.
According to this, we choose the new updating rule:

Cnew
w =

∑M
m=1

p(0|ym; pold
z (z),Cold

w )ymyT
m∑M

m=1
p(0|ym; pold

z (z),Cold
w )

. (9)

Note that the true posteriors p(0|ym) would only contribute
significantly to this estimate at the image locations where
the noise clearly dominates over the signal. This explains
why we can expect a good estimate of the noise covariance
after a few iterations. Actually, we have found that Eq. 9,
together with Eq. 4, provides a very fast fitting of the model
to the data. However, Eq. 9 does not guarantee a monotonic
increase in Q, and thus, it must be replaced by Eq. 8 for the
rare cases where it decreases Q.

4. BLIND DENOISING

The Bayes Least Square solution we proposed in [6] for esti-
mating xc (central sample of x) given each y is a weighted
average of the Wiener solutions for every z, according to
their posterior density:

x̂c =

∫ ∞

0

[E{x|y, z}]c pz|y(z|y) dz (10)

We have fused our GEM estimation technique with the orig-
inal (non-blind) denoising method [6], yielding the full blind
denoising scheme below. Note that for estimating the clean
coefficients xc we use all possible (overlapping) neighbor-
hoods, whereas for estimating Cw and pz(z) we use non-
overlapping neighborhoods.

1. Decompose the image into subbands
2. For each subband:

(a) Organize the coefficients into vectors
(b) Estimate Cy from the vectors
(c) Use initial estimates for Cw and pz(z)
(d) While not convergence

i. Compute Cz , py|z(ym|z), pz|y(z|ym), Ĉz

ii. Update pz(z) (Eq.4)
iii. Update Cw (Eq.9 / Eq.8)

(e) Estimate xc from y (Eq.10) [6]
3. Reconstruct the image from the denoised subbands

5. IMPLEMENTATION

For the results in this work we have used an overcomplete
version of the Haar wavelet, with an oversampling factor
of 2 × 2 for the highest frequency subbands, and 4 × 4
for the rest (overall redundancy factor of 7). This struc-
ture makes intra-subband aliasing negligible, whereas, un-
like the a trous scheme, it maintains a pyramidal structure
from the second level upwards, which is necessary for this
multi-scale method.

As in previous implementations of the GSM model, we
have used a finite number of scales for the Gaussian scale
mixture (which becomes in fact a finite mixture). We have
done that by sampling z on a finite interval. Noting that
pz(z) is fairly concentrated around zero [4, 5, 6], we have
chosen a logarithmic sampling, ranging log z from -5.5 to
5.0, in intervals of 1.5, for a total of just 7 scale samples. As
the value z = 0 does not actually belong to that set, we have
used in Eq. 9 the smallest value in our set (exp(−5.5) ≈
0.004). We have used for initial guesses of the model pa-
rameters p0

z(z) = 1/z (uniform when sampled in the loga-
rithm), and C0

w = 0.9Cy. We have set ∆Q < 10−4 as the
stop criterion in the estimation of Cw and pz(z).

To accelerate computations, we have applied a double
diagonalization [5, 6] to Cy and Cw, and the corresponding
whitening of the observations: yT [zCy+(1−z)Cw]−1y =
yT S−T [zS−1CyS

−T +(1−z)I]−1S−1y = yT S−T Q[zΛ+

(1− z)I]−1QT S−1y =
∑N

n=1
v2

n/(z(λn − 1) + 1), where
Cw = SST , [Q,Λ] are the eigenvectors-eigenvalues of
S−1CyS

−T , and v = QT S−1y. This transformation also
gives |Cz| = |Cw|

∏N
n=1

(z(λn − 1) + 1). Note that a new
diagonalization is required every time Cw is updated. In our
non-optimized MATLAB c© implementation on a Pentium c©
IV 2.0 Ghz system, we have obtained denoising times around
0.5 min for 2562 images and 1.5 min for 5122 images.
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6. RESULTS AND DISCUSSION

Figure 1 shows some results (cropped, from the test im-
age Einstein) obtained simulating three different Gaussian
noise sources with the same variance (σ2 = 625), but dif-
ferent spectral features (low-pass, high-pass and narrow-
band-pass). Left column shows the simulated noisy im-
ages, middle column shows the results obtained with our
full blind denoising method, and right column are the re-
sults obtained assuming white noise of the correct variance
(using [6]). We observe the robustness and versatility of the
model, and how negative can be for the estimation to as-
sume white noise when there is significant covariance. We
have also performed many experiments with a wide range
of sources of real noisy images (digital photography, in-
frared, LADAR, optical coherence tomography, etc.3), ob-
taining very satisfactory results (not included here for lack
of space). We have experienced that even when the noise is
not Gaussian, the algorithm performs well, whenever 1) it
is spatially homogeneous; and 2) it has kurtosis ≤ 3. Other-
wise the noise is not identified as such, because it becomes
compatible with the GSM image model. Another issue is
that the kurtosis of the subbands responding to natural im-
ages usually decreases as we go up into the pyramid levels,
making more difficult the discrimination of signal and noise.
Fortunately, the subbands of the higher levels usually keep
high SNR ratios, so they may be left unprocessed.
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