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ABSTRACT

In this paper we consider the estimation of the unknown hyperpa-
rameters for the problem of reconstructing a high-resolution image
from multiple undersampled, shifted, blurred and degraded frames
with subpixel displacement errors. We derive mathematical ex-
pressions for the iterative calculation of the maximum likelihood
estimate (mle) of the unknown hyperparameters given the low res-
olution observed images. Finally, the proposed method is tested
on a synthetic image.

1. INTRODUCTION

Over the last two decades research has been devoted to the problem
of reconstructing a high-resolution image from multiple under-
sampled, shifted by subpixel displacement, blurred and degraded
frames. However, as reported in [1], not much work has been de-
voted to the efficient calculation of the reconstruction or the esti-
mation of the associated hyperparameters.

In our previous work [2, 3, 4] the general framework for fre-
quency domain multi-channel signal processing developed in [5]
and [6] was used to provide estimates of the hyperparameter in
high resolution reconstruction from subsampled images. In this
paper our approach is extended to deal with the presence of blur-
ring in the observation model, thus making the method suitable for
applications such as remote sensing and Astronomy, where blurred
images are usually captured.

The rest of the paper is organized as follows. The problem
formulation is described in section 2. Section 3 describes the high
resolution prior image model and the process to obtain the low
resolution images from the high resolution one. The application
of the Bayesian paradigm to calculate the maximum a posteriori
(MAP) high resolution image and to estimate the hyperparameters
is described in section 4. Experimental results are described in
section 5. Finally, section 6 concludes the paper.

2. PROBLEM FORMULATION

Consider a sensor array with L1 ×L2 sensors, each sensor having
N1 × N2 pixels with size of each sensing element T1 × T2. Our
aim is to reconstruct an M1 × M2 high resolution image, with
M1 = L1×N1 and M2 = L2×N2, from L1×L2 low-resolution
observed images of size N1 ×N2.

∗This work has been partially supported by the “Comisión Nacional de
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Note that in order for our objective to make sense we need
to assume that the original high-resolution scene is bandlimited to
wavenumbers L1/(2T1) and L2/(2T2) along the horizontal and
vertical directions, respectively. To maintain the aspect ratio of the
reconstructed image we consider the case where L1 = L2 = L.

In the ideal case, the low resolution sensors are shifted with
respect to each other by a value proportional to T1/L×T2/L (note
that if the sensors are shifted by values proportional to T1×T2 the
high-resolution image reconstruction problem becomes singular).
However, in practice there can be small perturbations around those
ideal locations. Thus, for l1, l2 = 0, . . . , L− 1, the horizontal and
vertical displacements dxl1,l2 and dyl1,l2 of the [l1, l2]-th sensor with
respect to the [0, 0]-th reference sensor are given by

dxl1,l2 =
T1

L
(l1 + εxl1,l2) and dyl1,l2 =

T2

L
(l2 + εyl1,l2), (1)

where εxl1,l2 and εyl1,l2 denote respectively the normalized horizon-
tal and vertical displacement errors. We assume that |εxl1,l2| < 1/2
and |εyl1,l2| < 1/2 with εx0,0 = εy0,0 = 0. The normalized hor-
izontal and vertical displacement may be assumed to be known
(see [7, 8] for details) or estimated previously to the reconstruc-
tion process (see [9, 10]). In [11] we can find an approach where
the displacements are assumed unknown and are estimated simul-
taneously with the high-resolution image.

3. IMAGE AND DEGRADATION MODELS

Let f be the (M1 ×M2)× 1 high resolution image and gl1,l2 the
(N1 × N2) × 1 observed low resolution image from the (l1, l2)
sensor, (l1, l2) ∈ {0, . . . L − 1}2. Our goal is to reconstruct f

from
{

gl1,l2 | (l1, l2) ∈ {0, . . . L− 1}
2
}

. In order to apply the
Bayesian paradigm to this problem we define next our image and
high to low degradation models.

3.1. Image Model

Our prior knowledge about the smoothness of the object luminos-
ity distribution makes it possible to model the distribution of f by
a simultaneous autoregression (SAR):

p(f |α) =
1

Zprior(α)
exp

{

−
1

2
α f

t
C
t
Cf

}

, (2)

where the parameter α measures the smoothness of the ‘true’ im-
age,

Zprior(α) = (
∏

i,j

λ2
ij)

−1/2(2π/α)(M1×M2)/2,

0-7803-7750-8/03/$17.00 ©2003 IEEE. ICIP 2003



where λij = 1 − 2φ(cos(2πi/M1) + cos(2πj/M2)), for i =
1, 2, . . . ,M1, j = 1, 2, . . . ,M2, and C is the Laplacian operator.

3.2. Model for obtaining the low-resolution observed images

The process to obtain the observed low resolution image by the
(l1, l2) sensor, gl1,l2, from f can be modeled in two stages as
follows.

In the first stage, the optical distortion in the capture process
is considered, obtaining f l1,l2. This image represents a blurred
version of the original high-resolution one, according to

f
l1,l2 = Bl1,l2f , (3)

where Bl1,l2 is a (M1 ×M2) × (M1 ×M2) matrix that defines
the systematic blur of the (l1, l2) sensor, assumed to be known and
approximated by a block circulant matrix.

The second stage models the CCD pixel resolution. Let Hl1,l2

be an (M1×M2)× (M1×M2) integrating matrix that may have
different forms. In [12] hil has the form

hil(u) =

{

1
L

u = −(L− 1), . . . , 0
0 otherwise . (4)

Note that in this case, h1
l1 = h2

l2,∀i, εil = 0, the normal-
ized horizontal and vertical displacement errors in Eq. (1) satisfy
εxl1,l2 = εyl1,l2 = 0 and Hl1,l2 = H, ∀l1, l2 = 0, . . . , L− 1.

Let Dl1 and Dl2 now be the 1-D downsampling matrices de-
fined by

Dl1 = IN1
⊗ e

t
l , Dl2 = IN2

⊗ e
t
l , (5)

where INi
is the Ni × Ni identity matrix, el is the L × 1 unit

vector whose nonzero element is in the l-th position, ⊗ denotes
the Kronecker product operator. Then for each sensor the discrete
low-resolution observed image gl1,l2 can be written as

gl1,l2 = Dl1,l2Hl1,l2Bl1,l2f + vl1,l2, (6)

where Dl1,l2 = Dl1⊗Dl2, denotes the (N1×N2)× (M1×M2)
2D downsampling matrix and vl1,l2 is modeled as independent
white noise with variance β−1

l1,l2.
If Wl1,l2 denotes the (N1×N2)×(M1×M2)matrix Wl1,l2 =

Dl1,l2Hl1,l2Bl1,l2, then we have

p(gl1,l2|f , βl1,l2) ∝
1

Z(βl1,l2)

× exp

[

−
βl1,l2
2

‖ gl1,l2 −Wl1,l2f ‖
2

]

, (7)

where Z(βl1,l2) = (2π/βl1,l2)(N1×N2)/2. We denote by g the
sum of the upsampled low resolution images, that is,

g =

L−1
∑

u=0

L−1
∑

v=0

D
t
u,vgu,v. (8)

Then

p(g|f , β) ∝
1

Znoise(β)

× exp

[

−
1

2

L−1
∑

l1=0

L−1
∑

l2=0

βl1,l2 ‖ gl1,l2 −Wl1,l2f ‖
2

]

, (9)

where β = (βl1,l2 | (l1, l2) ∈ {0, . . . , L−1}2), andZnoise(β) =
∏L−1

l1=0

∏L−1
l2=0 Z(βl1,l2).

Note that the main difference between the model in Eq. (9) and
the one used in [2] and [3] is the presence of additional blurring in
the observation process. We will examine in the coming section
how the additional blurring matrix can be dealt with using block-
semicirculant (BSC) matrices (see [5] and [6]).

4. BAYESIAN ANALYSIS

The steps we follow in this paper to estimate the hyperparameters,
α and β, and the original image are

Step I: Estimation of the hyperparameters

The hyperparameters α̂ and β̂ = (β̂l1,l2|(l1, l2) ∈ {0, . . . , L−
1}2) are first selected as

α̂, β̂ = argmax
α,β

Lg(α, β) = argmax
α,β

log p(g|α, β), (10)

where p(g|α, β) =
∫

f
p(f |α)p(g|f , β)df .

Step II: Estimation of the original image

Once the hyperparameters have been estimated, the estimation
of the original image, f(α̂,β̂), is selected as the image which mini-
mizes

M(f ,g|α̂, β̂) = α̂‖Cf‖2 +

L−1
∑

l1=0

L−1
∑

l2=0

β̂l1,l2‖gl1,l2 −Wl1,l2f‖
2,

so, we have

f(α̂,β̂) = Q
(

α̂, β̂
)

−1
L−1
∑

l1=0

L−1
∑

l2=0

β̂l1,l2W
t
l1,l2gl1,l2, (11)

where Q(α̂, β̂) = α̂CtC+
∑L−1

l1,l2=0 β̂l1,l2W
t
l1,l2Wl1,l2.

Note that we are using maximum likelihood for estimating the
hyperparameter and maximum a posteriori (MAP) for estimating
the high resolution image. Furthermore, although steps I and II
are separated, the iterative scheme to be proposed performs both
estimations simultaneously.

The estimation process we are using could be performed within
the so called hierarchical Bayesian approach [13] by including hy-
perpriors on the unknown hyperparameter α̂ and hypervector β̂.
However, the possibility of incorporating additional knowledge on
them by means of gamma or other distributions will not be dis-
cussed here (see [13]).

Let us examine the estimation process in detail. Fixing α and
β and expanding the functionM(f ,g|α, β) around f(α,β), we have

M(f ,g|α, β) = M(f(α,β),g|α, β)

+
1

2
(f − f(α,β))

t
Q(α, β)(f − f(α,β)).

Therefore

p(g|α, β) =
exp

{

−M(f(α,β),g|α, β)/2
}

|Q(α, β)|−1/2

Zprior(α)Znoise(β)
.



Differentiating −2Lg(α, β) with respect to α and β so as to
find the conditions satisfied at the maxima, we have

‖ Cf(α,β) ‖
2 +tr[Q(α, β)−1

C
t
C] =

M1 ×M2

α
, (12)

‖ gl1,l2 −Wl1,l2f(α,β) ‖
2 +tr[Q(α, β)−1

W
t
l1,l2Wl1,l2]

= N1×N2

βl1,l2
, for l1, l2 = 0, . . . , L− 1. (13)

We will use the following algorithm for the estimation of the
hyperparameters and the high-resolution image

1. Choose α0 and β0.

2. Compute f(α0,β0) using (11) with α̂ = α0, β̂ = β0.

3. Repeat for k = 1, 2, . . .

i) Calculate αk and βk by substituting αk−1 and βk−1

in the left hand side of (12) and (13).

ii) Compute f(αk,βk) by (11) with α̂ = αk, β̂ = βk

until ‖ f(αk,βk) − f(αk−1,βk−1) ‖ is less than a prescribed
bound.

It is important to note that for the problem of Bayesian param-
eter estimation in image reconstruction from subsampled blurred
observations all the calculations involve BSC matrices, allowing
us to work in the frequency domain, applying the framework de-
veloped at [5] and [6].

Equations (12) and (13) can be also obtained with the EM-
algorithm [14] with X t = (f t,gt) and Y = g = [0 I]tX to
iteratively increase Lg(α, β).

5. EXPERIMENTAL RESULTS

A number of simulations have been performed with the proposed
algorithm over a set of images. Here we present results on the
original image depicted at Fig. 1a. The criterion

‖ f(αk,βk) − f(αk−1,βk−1) ‖
2 / ‖ f(αk−1,βk−1) ‖

2< 10−6

was used for terminating iterations. We set f 0 = g, where g has
been defined in (8).

The performance of the restoration algorithms was evaluated
by measuring the SNR improvement,

∆SNR = 10× log10

[

‖ f − g ‖2/‖ f − f̂ ‖2
]

,

where f and f̂ are the original and estimated high resolution im-
ages, respectively.

According to (6) the original image, see Fig. 1b, was blurred
by mean of an out-of-focus blur with radius 5 using Eq.(3). We
then applied the integrating function described in Eq.(4) obtain-
ing u = HBf . Then u was downsampled with L1 = L2 = 4,
thus obtaining 16 low resolution images, ul1,l2(x, y) = u(L1x+
l1, L2y + l2), x, y = 0, . . . , M1

4
− 1, l1, l2 = 0, . . . , 3. Gaus-

sian noise was added to each low resolution image to obtain three
sets of sixteen low resolution images with 10, 20 and 30dB SNRs.
The noise variances for each set of images are shown in table 1.
Figure 1a shows the obtained g00 for 30dB SNR low resolution
image. Figure 1c depicts the zero-order hold upsampled image
g00 for 30dB SNR. The initial image, f 0 = g, for the 30dB set ac-
cording to (8) is shown in Fig. 1d and the estimated high-resolution

a)

b) c)

d) e)

Fig. 1. a) 30dB SNR observation g00 from b) Original 256 ×
256 high-resolution image, c) zero-order hold for the 30dB SNR
observation g00, d) initial high resolution image and e) estimated
high resolution image.

one in Fig. 1e. Visual inspection shows that the proposed method
provides a clear improvement.

Numerical results for the three sets of images with SNRs of
10, 20 and 30dB are summarized in table 2. It is clear that the pro-
posed method improves the SNR even in the case of severe noise
although higher improvements are obtained as the noise decreases.
Each low resolution set of 16 observed images was bilinearly inter-
polated to obtain a 256× 256 image. For all cases, the best results
using bilinear interpolation are similar to the initial high resolution
image. Table 2 also shows the number of iterations needed for the
method to reach convergence according to the utilized criterion.
For all sets of images no more than 22 iterations were needed.
Each iteration took 15.5 seconds on a Pentium IV 1700.

Estimated image model parameters for the 10, 20 and 30dB
SNR sets of images were α−1 = 208.67, 196.40 and 175.42, re-
spectively. The estimated noise variances for the low resolution
images are presented in table 3. From this table we conclude that
the proposed method produces accurate estimations of the low res-
olution image variances for all SNRs.

6. CONCLUSIONS

A new method to estimate the unknown hyperparameters in a im-
age reconstruction problem from subsampled blurred observations



Table 1. Noise variances for the low resolution image set with
SNR of 10dB, 20db and 30db.

σ2
l1,l2 0 1 2 3

10dB 0 95.33 94.49 95.39 94.47
1 94.93 95.12 94.89 94.85
2 95.45 94.73 94.91 94.73
3 94.94 94.87 94.47 95.28

20dB 0 8.59 8.64 8.66 8.62
1 8.61 8.64 8.60 8.60
2 8.64 8.65 8.65 8.61
3 8.65 8.64 8.62 8.60

30dB 0 0.85 0.85 0.85 0.86
1 0.86 0.86 0.85 0.85
2 0.86 0.86 0.85 0.85
3 0.85 0.86 0.85 0.86

Table 2. Summary of results for the three different low resolution
image sets.

Low resolution SNR (dB) 10 20 30
Bilin. interp. ∆SNR (dB) 0.06 -0.14 -0.17
Proposed alg. ∆SNR (dB) 2.860 3.802 5.376

Iterations 13 22 16

has been proposed. Using BSC matrices all the matrix calcula-
tions involved in the hyperparameter maximum likelihood estima-
tion can be performed in the Fourier domain. The approach fol-
lowed can be used to assign the same hyperparameter to all low
resolution image hyperparameters or to make them image depen-
dent. The proposed method has been validated experimentally.
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